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HIS Paper, which has coil: me much pains in patient 
inveftigation, is occaiioned by that of Mr, Landen, in 
the Philofophical TranfadionSj Vol, LXXV. Part If. I am 
no ftranger to this gentleman's great judgement and abilities in 
thefe abftrufe fpeculations, but have a very high opinion of 
both ; yet I could not but think it ftrange, that two fuch ma- 
thematicians as M. d'Alembeet and M. L. Euler fhould 
both follow one another on the fame fubjeft, both agree, and 
flill not be right. I therefore refolved to try to dive to the 
bottom of their folutlons, which thofe who are acquainted with 
the fubjed know to be no light talk; and, if poffible, to give 
the follution, independent of the perplexing confideration of a 
momentary axis changing its place both in the body and in 
abfolute fpace every inftant ; and which I look upon as not ab- 
folutely effential to the determination of the body's motion; 
But finding that I could not thus fo readily fhew the agree-* 
ment or dilagreeitient of my coaclufions with thofe of the gen- 
tlemen who have preceded me in this enquiry; I have aifb 
added the inveftigation of the properties of this axis. And I 
fuppofe it will be founds that i have added many properties 
ijoknown before^ or at leaft unnoticed by any of them. 

M. Landen's 
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M* Landen's very important dlfcovefy, that every bodj, 
be its form ever fo irregular, will revolve in the fame manner 
as if its mafs were equally divided and placed in the eight 
angles, or difpofed in the eight ocjtants of a regular parallelo- 
pipedon, whofe moments of inertia round its three permanent 
axes .are the fame as thofe of the body, ferves admirably to 
fhorten the inveftigation, and render the folution perfpicuous. 
I have therefore here taken its truth for granted, becaufe it is 
alfo exactly agreeable to the folutions of the other gentlemen, 
and faves the trouble of repeating what they have done before, 
I have alfo fhewn wherein, and why, his folution differs from 
theirs, and proved, as I think, undeniably, in what refpecls it 
is defeftive. 

That the inertia^ or, as M. Euler calls it, the momentum 
of inertia^ IS equal to the fluent or fum of every particle of the 
body drawn into the fquare of its diftance from the axis of 
motion ; and the determination of the three permanent axes^ 
or the demonftration that there are, at leaft, three fuch axes iii 
every body, round any one of which, if it revolved, the velo- 
city would be for ever uniform, I have alfo taken for granted, 
becaufe thefe things have been proved before, and all the gen- 
tlemen ^re agreed in them. Difficulties that occurred I have 
not concealed, but fliewn how to obviate, and endeavoured to 
place the truth in as clear a light as poffible ; which to difco- 
ver is my wifh, or to welcome it by whomfoever found. 



PROPOSITION I. 



Whilft a globe, whofe centre is at reft, revolves with a 

given velocity about an axis paffing through that centre, to 

Vol. LXXX. Ttt find 
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£nd with what velocity any great circle on the furface^ but 
oblique to that axis, moves along itfel£ 

Let I (Tab. XX. fig. i.) be the centre, and BO the axis round 
which the globe revolves with a velocity =s^iiieafu red along the 
great circle GH, whofe plane is perpendicular to that axis, and 
HSGi any great circle whofe plane is oblique to the axis, ESF 
and esf two leffer circles of the fphere parallel to the great cir- 
cle GH, and touching HSGi in S and s ; then, as the radius 
Bi which may be fuppofed unity i c :i the radius of the lefs 
circle ESF =^ the fine of the arc BE or BS : the velocity along 
the circle ESF r: the abfolute velocity of the point S on the 
furface of the globe : but the point S is alfo upon the great 
circle GSHj, ,and therefore this is alfo equal to the velocity of 
the point s along the great circle GSHi"; and for the fame 
reafons the point S, which is diametrically oppofile to Son the 
furface, has alfo the fame velocity. Let P be any other point 
in the great circle GSHj; then, finceas the globe revolves the 
diftances SP and sP always continue invanable, the velocity of 
the point P in the circle HPS in the diredion of the periphery 
of the' circle itfelf muft be equal to that of S and s ; and is 
therefore the velocity of Qvtrj point of this circle along its 
own periphery. 

Corollary i. Hence it follows, that in whatfoever manner a 
globe revolves, its velocity meafured on the fame great circle on 
its furface muft be the fame at the fame time at every point of 
the periphery of that circle. 

Corollary 2. Confequently, howfoever the plane of a great 
circle varies its motion, the velocity at any inftant is at every 
|)oint of the periphery equal along its own plane» 
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The points S and/^ Where a great circle, froai the poles B- 
and b of the natural iuiis cuts any great circle GSHi (at right 
angles) I call the -nodes of that great circle. 

Corollary 3. If O be the pole of the great circle HSGi^ then 
the globe may be coniidered as moviftg round the axis whofe 

pole is Q with a velocity = c x ~Z^ ? whilfl: the pole O is car- 
ried along the leffer circle ADA, which is parallel to the mid"- 
circle GH with a velocity n: ^ x -^^■^— - — ex ^—^^—- ; ^nd this 

way of confidering the motion, which is ufeful in what 
follows^, comes to the very fame as the motion along the 
great or midcircle GH with the velocity =:r,becaufe c' x 

JL^L + c^ X -i:.- - =s^\ Confequently, the fum of the fquares 

of the velocities at the node and pole of any great circle upon 
a fpherical furface thus revolving, is equal to the fquare of the 
velocity round the natural (or momentary) axis BM. 

Corollary 4. Since the pole O is at 90"" diftance from the node 
S, Its motion can have no effeflk at S or s, the motion at the 
nodes, therefore, of the great circle HSGiis that of the great 
circle along its own proper plane ; but any other point, as P^ 
partakes both of the motion along the circle, and the motion 
of its pole. The diredion of its motion being along the leffer 
circle Vp, parallel to FSE, and its velocity therein == 

cx — ; the velocity of P therefore, in the diredion of the 
great circle OP, which is perpendicular to SP in P, ls = 

c^f£J^^^iif\ andalongthe great circle BP its velocity -o. 

Ttta PROPO- 
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PROPOSITION II, 

Suppofini; the centre of a fphere to be at reft, whilfl: the 
furface moves round it in any manner whatfoever ; then, if the 
fame invariable point O, confidered as the pole of an axis of 
the fphere, be itfelf in motion, the angular velocity of the 
fpherical furface about that axis will be unequable, or that of 
one point therein different from that of another. 

For, let I (fig, 2.) be the centre of the fphere; draw the 
great circle POF perpendicular to the dire£tion of the motion 
of the furface at O ; then muft the pole of this motion necef- 
farily be in fome point P of this great circle POF. Let FC 
be the great circle whofe pole is P, and LQ that whofe pole is 
O; then, the velocity of any point F of the great circle FC 
muft, by the preceduig propofition, be equal to that of any 
other point H thereof. Let that velocity be reprefented by the 
equal arches FG and HK, and from the pole O draw the great 
circles OGM, OHN, and OKA, cutting the great circle LQ^ 
in M, N, and A ; then muft LM reprefent the angular velo- 
city of the point F about the axis ID, and NA that of the point 
H, But, by Prop. 9. Lib. III. Theodosii Sphericorum, LM 
is greater than NA ; and confequently the angular velocity of 
the point F about 10 is greater than that of H; and confe- 
quently the angular velocity of the furface about the axis lOIs 
unequable. 

Corollary. Hence, about whatever axis the angular motion of 
a fphere is equable, the pole of that axis, and confequently 
the axis itfelf, muft be at reft at the inftant. Different motions 
may have different correfpondent poles, and confequently, 
when the motion is variable^ the place of the pole of equable 

motion 
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motion on tlie furface may vary,; but whatever point on the 
furface Gorrefponds with that pole mufi: at the inftant be at 
reft. 



PROPOSITION III. 

Let ABC (fig» 3.) be an odant of a fpherical fnrface in mo- 
tion, while the centre is at reft; and let the velocity of the 
great circle BC in its own plane = ^5 and in a feiife from B 
towards C; that of CA in the fenfe from C towards K^b^ 
and of AB from A towards B=:^. If thefe three velocities 
^, ^, and c, be conftant> the fpherical furface will always re- 
volve uniformly about the fame axis of the fphere at reft ia 
abfolute fpace. 

For, let ABC, abc^ be two pofitions of the revolving odant 
indefinitely near each other, A^, Bi^, and C^:, the tracks of A, 
B, and C, in abfolute fpace. Perpendicular to A^ draw the 
great circle SO A, and perpendicular to B^ the great circle BOQ, 
cutting SOA in O and CA in (X; then, becaufe A^ is indefi- 
nitely Imall, the two triangles i^^^^J right-angled at _^, and a^ Kq 
right-angled at A may be confidered as plane ones, and are 
therefore fimilar 5 and fince the angles /AQ and qka are both 
right ones, taking away f A/, which is common, the angles 
fka^ qAQ, muft be equal; but as /A : pa :: c: B, likewife 
^A : pa :: L paA : L pAa^ and paAzzpAq, pAa=:qAQ; con- 
fequently, as f* pAq : f. ^AQ :: c : b^ that is, the fines of the 
angles BAS and CAS are proportional to the velocities along 
AB and CA; confequently, the fines of the arches SB and SC 
which are the meafures of thofe angles muft be in the fame 
fatio. In like manner it appears , that as f. CQ:f. AQ:: 
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a icit f.CEQ : £ ABQ* ' -Moreover, £ SOB 2 radius :: £ SB 
: £ BO :: £ AQ :.£ AO. Through C and O draw the great 
circle COR; then, as £ AO : radius,:: £ Ox^R : £ OR :: £ 
OAQ-: £ OQ, or £ OR :; £ OQ^':: £ OAR : £-OAQ :: c : 5, 
and for a like reafon, £ OR : £ OS :: £ OBR : £ 0B3 :: c : a, 
that' is, £ OR : c :: £ OQ : B :: £ OS : a, '^or £ OQ : £ OS :: 
B-. a ; but £ OQ : £ OS :: £ OCQ = £ AR : £ OCS = £ BR, 
or £ AR : £ BR i: B : a. Now,^ Be is ultimately perpendicular 
to AC in 4 £> the triangle Cdc being right-angled at ^5 the fum 
of the angles Ccd^ cCd muft be = a right one, and their fines are 
in t,he ratio of Cd : ^4 or of ^ : a; but the fum of the angles OGQ, 
OCS5 isalfo a right one, and their lines alfo have been proved 
to be in the fame ratio of B : #, confequently the angle OCQ= 
Ccd, and 0CS = rC4 toOCS and cCd add the common angle 
OCQ,^ and the angle OC^ muft berrBCQ a right one: confe- 
quently OC is perpendicular to Cc ,the track of the point C, as 
OAis, by hypothefis, to Aa, and OB toB^* The fines of SO, 
QO, and RO, are as a, B, and c, alfo £ SO" + £ QO^ + £ RO" 
by trigonometry rz the fquare of radius = i ; hence £ SO* + 
£ Qp^zzi -£ E0^=:£ CO^; £ 80^ + £ RO^=£-fiO\ £ QO^ 
+ £'RO^^r::'f. AO^ ; confequently, £ A0\ £ BO^ and £ CO^ are 
as# + ^\ ^^ + c\ and i2^+#5 or as A^% BF, andCc^; where- 
fore the velocities ' v^^^ + ^^ x^d' + c"'^' and ^a"- + B\ of the 
points A, B, C, are in directions perpendicular to AO, BO, 
and CO, and io' the ^^ ratio of the fines of the arches AO, BO, 
and CO, that is of the diftances-^of the points A, B, and C, 
from the axis whole pole is O, the tracks of thefe points are 
therefore circles of the fphere whofe radii are thofe dlftances. 
And fo long as the. velocities ^, I, and c, are invariable,- the 
points Q, R, and S, which are always at the fame diflances 
3 from 
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from B, Q and A, mull be always at the fame diftaoces from 
O, that is, OR, OS5 and OQ, are conftant, and the point O 
at reft. And this muft alfo be the cafe if a^ b^ and c be 
variable, provided they have the fame conftant ratio amongft 
themfelves. 

Corollary. Hence the points Q, R, and S^ are the nodes of 
the great circles CQAV ARB^ and BSC. 

-Scboiium. The demonftration of this propofition being thus 
ftriiSlly given, fome notion may be obtained of the manner in 
which the point O varies its place upon the fpherical furflice 
when the velocities along the circles AB, BC^ and CA, are va- 
riable. Thus, let fuch fpherical furf^ice, fo revolving, receive 
an inftantaneons impiilfe, at the diftance of a quadrant or 90^ 
from S, in a direftion perpendicular to the plane of the great 
circle CSB ; then, the centre of the fphere may be kept at reft 
by an equal and contrary impulfe at this centre ; and iinc^, by 
hypothefis, the impulfe is given 90"* from S, and in a dire£lioE 
perpendicular to the plane of the great circle CSB, it can nei- 
ther alter the place of the node S upon the circle, nor the ve- 
locity in the diredion of its periphery, but only thofe in AB 
and CA* Thus, if the velocity in BA which before mz^^c 
be now equal to z% then, as £ SB : % :: f. SC : the velocity 
along CA, let this=jF) whilft ftill the velocity along CB con- 
tinues as before = ^ ; and this will caufe the point O to fall upon 
another point af the great circle SA : fo that whereas before 
the fines of OS, OR, and OQ, were as ^, r, and b^ they (hall 
BOW be as ^, %, andjy, Confeqiiently, as f. SO : rad.=: i ::// : 
the velocity at 90^ from O, £ OR : i xx % : the velocity at 90"* 
from O, and f. OQ : j; n I : velocity at 90"^ from O, which 
three quantities muflf therefore be equal to one another, and to 
the angular velocity of the fphere about the axis whofe pole 
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is O; let this angular velocity n:^^ then muft exL SO^a^ 
^x f. O'K — %^ and e x C OQrry, and the fum of the fqiiares 
of theie three, or a^ + %"- + j' rz e" x f. SO' + ^' x f. RO' + ^' x 
f: Qp^ .::= ^% becaiife L SO^ + £ RO' + f. QO^ = i , hence . e = 

^a^' + z'' +y' ; whereas, before the impulfe e:z: ^a'' + ^'' + c^\ 
Thus not only the place of O, but, if z'^+y^" be not = ^^ + c'', 
the angular velocity of the fphere about its iingle axis wiiialfo 
be altered. Hence then if, inftead of an inftantaneous im- 
pnife, a motive force be fuppofed to a£t in the fame diredion, 
and meafured at the fame point where the impulfe was jo ft 
now fqppofed to aft; fuch force can neither vary the point S 
iior the velocity a^ but will in time vary d and c, and caufe the 

point O to alter its place in SA ; and thus the velocities ^ and c 

" 'i'l'i ■ »"■■ ■ » — • — ■ ■ « . » «. . ..< 

will vary to y and z^ and e •=. s/d + b" + c'' to e-zz va" +j^ + s% 

|uft as it would have been by a Iingle impulfe, excepting that 
then, when the impulfe was over, y and % muft have become 
Conftant quantities, whereas now they will vary perpetually 
during the time that the motive force a£lsj and the point O 
will fhift its place fo as at different times to coincide with dif- 
ferent points of AS, though at any one inftant the point 
bf the furface that coincides with it muft be at reft^ by 
Prop. 2^ 
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If a fpherlcal furface, whofe center is at reft, revolve in any 
manner whatfoever, fo that the velocities along the three qua- 
drants bounding any oftant thereof be expreffed by any three 
variable quantities ^, j, and z% to find the neceffarily cor- 
•refponding accelerating forces with which the place of the 

natural 
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iiatural or momentary' axisj and the angular \^elocitj of the 

furface round It are varied. 

Here, other things remauiiiig as in the preceding propoiitioOs, 

inftead of the conftant quantities a^ b^ and c^ we have^ the 

variable ones x^ y^ and %. Let the variable fines and coiioes of 

AO, BO, and CO, be refpedively expreffed by b and /S, g and 

y^ and Jand^; and let if r: the time from the commencement 

of the motion ; then it is well known, that the ref^jeftive 

accelerating forces along CB, CA, and ilB, muft be expreffed by 

• • • 

f , -^ , and S ; and the radius of the fphere being fuppofed .z: 

unity, the angular velocity about the axis whofe pole is 
O = ^ =!• s/x^ + y +^'' ~ ^v^/3^ + y" + ^\ ^/3 = x^ ey:^y^ el ^ %^ 

% • a » 

x=>el^-\-(ie,y = ey + ye^ z=:et-\-^e, (i'^ -^y" + T = i, fijS + yy + SS 
=o, !3' + y'=i-r = d\ /3' + r=i--/-^\ / + r— .x-iQ^ 

— p , g = ,..Jl—z = = Bx + yy+dz ■=. —— =-^ — -:s: — --. And, = 
by fpherics, as ^ : i ::§:-= f. OBRmf. QA :: /3 : -^=: f. OBS 
czf. CQ=cof AQ, tang. AQ=: - and the fluxion of the arc AQ = 

^^^f-. But, by the foregoing propofition, BO is perpendicu- 

lar to Bb the track of the point B ; confequently, as f. OBR 

^L AQ^: f OBS = cof/AQ :: s : a:- ; therefore the tangent, of 

"' ■ » ■■ ■ ' — -" """ ' "I " I ii » . 

AQr= - and AQ= -^^ — r- '^T;^rw~''^ -^ ~'^rr\^ '*^ betoie, 

therefore, whether ^ be conftant or variable it makes no differ- 
ence in the expreffion for AQ. In like manner it will appear, 

,ha,BR=^j^ = ;|=i,andCS = !|^ = ^'i- Moreover, as ' 

Vol. LXXX. U u u rad. 
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racl. ^ I : the alteration of th-e' place of Q round B, or io the 



m^m 



great circle' AC=s AQ :: £ ■BO=:rrz:v''/3' + ^^ • •— r-z=zr- = the 



I 



iiomeotarj' alteration of place of O rouod-B^ or in a dire£l:ioii 
perpendicular to the great circle BOQ at O,^ and the cor- 

refpondiog alteration of BO^ that is^ BOrr:— - 



9 



the fluxion therefore of the track of O upon the fpherical 
furface = ^- ~- = sj ■ ^-j^j = 

— . . ^__^ _ =:Y^ _|_^ +^ . Agam* 

the accelerating force in„BA=:5. refolved into the diredion of 

the great circle BO at B is. ~ x cof. OBR = -? x - »- and that 
*^ t t g 

% along BC refolved into the fame dire<5tion is "^ x - f and the 

t f g 

difference of thefe, or the accelerating force in the diredion 



D in the fenfe from O'- towards B = ^tlll ^ M+^^'-^X^e+Be _ 

gi gi 

^ .X -^=^ ; ■ in like manner that -along CO in the fenfe from O 






towards Cr^^-^-^s^x ——J- and that along OA from O 

towards A=z^^~~jr^ x — —;. and ^s £ROA (%, 3.) := C COA 

* „ 
'-f^-i I :: this lafl: mentioned force : de x ^^^^n: one equi\ra- 

lent thereto^ but a£llng, perpendicular to CO, and urging from 
that is, dramnng the great circle DOE' perpendicular to 

I then^ as i 1 1 DOC = f. ROE = ~^.:: this laft force ; the 

ga 

fame 
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m 

fame reduced into the diredion GE=:^Sx -^^-^ ading per-^ 

pendiculat to the great circle BO5 and 111 the feofe from O 
towards E : the fame force reduced into the direftion of the 

great GircleBOatOis=:^/3 x -I-i. in the fenfe from O towards^ 

Q : in like manner is found a force equivalent to that in COj 

but a£ting perpendicular to hO:=zebd%^ . .'^ ^ which reduced 

into the direction OD is r:: €0 x ^' ^^^ in the fenfe from O tc> 
wards P; but this fame force perpendicular to AO, when 

■ * ' • 

reduced into the diredion BO^ is ^eS x 'LZZL in the fenfe from 
O towards Q, which being added to the other above found 
force in BO gives f!il3ZS±fi^"E3. = - , x fcM = the acce- 

lerating fqrce ariiing from thofe which a£t at O along the great 
circles OA, OC, \yhich force a£ts in the fenfe from O towards 
Q, and therefore in a contrary fenfe, that is, from O towards B it 

muft be = ^ X ^-^^ as before found, the operation thus proving^ 

itfelf. In like manner, from the two forces now found, which 
a£t perpendicular to OB at O, there muft arife one adibg along 
OD in the fenfe from O towards D, which will therefore be rz 



-p^Xr^-^r-^^X^T'— ^y^ e ^A ' nn . ' "^ W. .5^^ ^ 






^? . l-r '• ' ' ' ' gt. 



(2^'y - S'^ry = -- '^'^. • This laft force may be otherwife found thus^ 

o 

the acceleration = J round B at Q, and as i : g :: y :^j = the 
acceleration round Bat O owing to j/, in like manner, the 
acceleration round G at O owing to zh::zdzp which refolved 

u u a into 
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into the <lire£lion perpendicular to BO at O is=:i^2^x f. P^OE« 

--3 alfo the acceleration M at O perpendicular to AO reduced 

into the dire^ioii ' perpendicular to BO = Sx x £ DO-3 =: 
/> • 
^-9 hence the wliole acceleration along DE at O, which nia- 

nifeftlj arifes from thefe three^ is = — +^— IJ5 and the acce- 

o o 

lerative ■^Yce^--^—-^'-^ which, properly reduced, becomes — 

S 

-^ as before. And the force which is compounded of the two 

P 

forces e x ^ aud - %^ is = 1 ■s/ff^^ + y'= W (^ + / +1 
a6ling perpendicular to the track of O upon the moving fpherl- 

cal furface; and 4 = '-—? — •• - is the accelerating force afling 

along the midcircle, or that which is 90' dlftant from O, to 
alter the velocity about the natural or momentary axis whofe 

pole is O. Hence, anfwerable to the three accelerating forces 

.. . • , • 

^ , A , and ~ , round the axes whofe poles or ends A, B^ and Ct 

are always the fame invariable points upon the moving fpherical 
furface, there arife three other accelerating forces, namely, 

e X !iT^, - 1 , and ^i±^+^ ; the two former adlng at the 

pole of the momentary axis, and the latter is that whereby the. 
velocity about the momentary axis is altered. 

SCHOLItTM I, 

From the preceding inyeftigation of the forces e x ^tlH and 

- i» it follows, that they are not at all affededin expreffion by 

the 
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the variation of ^5 but are denoted by the fame quantities, 
whether <? be conftant or variable ; which conclufioo, and alfo 
the values of the forces thenifelves, is perfeftif agreeable to 
what is brought out by Mr Landen, by a method fo very 
different, in the Philofopbical Tranfadlons for 1777. 

But it is here' carefully to be noted, that thefe are not motive 
forces, but accelerative ones ; for no notice whatever is yet 
taken of the internal ftrudure of the revolving globe ; but the 
expreffions hold true, be that ftrudure what it will : if it be 
fuch that one and the fame quantity, drawn into each accele- 
rating force, will give the correfpondent motive one, then are 
the motive forces proportional to the accelerative ones, but 
otherwife not. It may here alfo be obferved, that it is quite 
conformable to nature, that thefe accelerating forces Ihould be 
exprefled by the fame quantities whether e be conftant or va- 
riable; for thefe forces, acfting at the pole of the natural axis, 
cannot poffibly have any efFe£t upon the velocity round it. But 
it is not hence by any means to be concluded, that the velo- 
city about the axis is therefore conftant ; becaufe thefe are not, 
in general, the only accelerating forces that adl upon the body, 

but there is alfo a third accelerating force whofe value is 

■* 

^. arifing from the different variability of ^, y\ and s, and 
t . 

which cannot vanifh except iSi + %K+^ij = o, it therefore can 
only vanifh in particular cafes. 

If the equation e=/3^ + %K + ^^ be fquared, there will 

thence arife after due ordering t 'zz x -^ f ^ ^ ^ i x. 

(y^-^^^l j^g^l^l^ -^|^-y|r}, where the member which Is 
drawn into / keeps its form whether e be conftant or variable, 
but by no means will .?c^+/+^''9 after due fubftitution, do fo 

too* 
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a 

too. 2f^=^05 then /:=r.v''4-/ +i;% the motion b^ing then 
round what M. Euler and M. d'Alembert call iho initial 
axis^ or that about which the body at reft would be firft urged 
to move by any external forces ailing upon it ; and which they 
have determined with fo much labour ; though here it follows, 
as a neceflary confequence^ that the force with which the body is 

turned round this initial axis is2= \/^+-45+™-5 or a force rt 

the fum of the forces round the axes whofe poles are A, B, 

and C. 

Moreover, by the general laws of all motion, — r^. — ~. , and 

J ^ gt gt 

. /£li2lzir are the velocities wdth which the pole of the mo- 
mentary axis fhifts its place in directions perpendicular to 
EO5 along BO and along its own track on the furf^ice refpec* 
dively. And it is by taking the fluxions of thefe, and 
dividing each fluxion by that of the time, that the acce-- 
lerating forces are had, which are due 'to fuch alteration of 
place of the momentary pole; and thefe muft by no means be 

■ ■ m ill I ■«■*—»*■»■ m.mu ie*^^ 

confounded with the forces before found ^-^ and ^TxBS-^iG 

gt gt ' 

in thofe diredlions, thefe lafl: pertaining to the tendency of the 

furface itfelf to motion at O, and the others to the fliifting 

of the pole of the axis upon the furface, which are different 

motions, as will more clearly appear from what follows. 

The preceding general properties of motion obtain in all 

bodies revolving round a center at reft, be their motion ever {p 

irregular; the three great circles bounding an o£lant of the 

fpherical furface revolving with the body are alfo taken ad Ubi-^ 

tum^ being any fuch circles whatever upon the furface; and 

hence the following very important confequence is drawn, vi%^ 
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If any dody be in motion^ or put in motion^ by injlanianeoiis 

impulfe or otherwife^ about its center of grmnty at rejl in ahfolute 

Jpace^ if^ by any means ^ the accekratingforces atting along the three 

great circles boimding any ' oSiant of a Jpherkal Jurface that has 

the fame center of gravity and revolves with the body^ can be 

founds thofe atllng at every other point of fuch furface will necef 

far ily follow as natural corfequehces of thefe three ^ and thus all 

the motions of fuch body will be abfolutely determined. 
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As the above conclufions are exceedingly general, In order 
to form a diftind idea how fuch furface nioves, it may be pro- 
per here to illuflrate it by a particular example. Let then the 
velocity x be fuppofed conftant, and alfo the angular velocity e j 
then, from what is fhewn above, X\n<:zxx^o, e^ z=.x^ j^f^ j^<^ 

ii w ii ' ' II !■■ III ". I l l nim amBmmmmmmmmt t\x\ m\ 

r: ^^ X /3^ +^^ + T^ ei—yy + %z=.o = / x ^^ + Uy yy + ^^J^ r: q, 
•. ■ 
j8 — Oj ^ a cbnftant quaatity, therefore^ is conflant, and the 

track of the point O upon the furface is a lefler circle of the 

fphere at tire conftarit diftance AO frorh the invariable point A 

of the furface, the radius of fuch leffer circle being rr^nf, AO 

(fig. 4.), alfo y + z^zz the conftant quantity / - a;'' = / -- //3^ n: 

■ , . .l ... l».,|. „ II M . . • . ' • 

^^^^=:^^ X y^4-r, zzzi ---yy, St=s —yy—ggj and the velocity 
'--i^— ^- with which the pole O fliifts its place =^ 



V 



r 



-,, .. ^.^ — . . , — , - But ftill an expref- 

fion for f is wanting ; to the two preceding data it is therefore 
iieceffary to add a third, which may be that the velocity with 
which Ofhlfts its place in the circle EOF is alfo conftanL Which 

will 
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Will come to the fame as a cafe occurring hereafter^ wheu 



X. i _ -^^ , ^ ^ -- ^y 



o, -^. r: — — and ~ =^ where A is feme conftant quantity j 



Z^ 



for then x^o=e^ + f2e ee ^ Ari +j;j/ + zz ^yy + ^^ - eyy-^el 
6^=!yj|) + ,Ji;= ^^ + ^-^ X -yf2^+y(3S:z:o^ therefore e is 



AAA 

A.^ Ae§ A^ 



conftant^ and ^ = — - -^^ ^ -j" ? ^^^^ ^^^^^ ^':=:o, and i n ^^ + 



/3^' r: o =^iG ; therefore J3 in: o, /3 conftant, and y=%/f^ - J^^ : 

A ^^ J A x^ 

therefore ^' == ;^ ^ v^KfP * ^^^^ ^ ^ ^^ ^ ^^^ ' confequentJj, 

the velocity with which O (hifts its place in the arch EO is:r 
— , which is a conftant quantity. 



PROPOSITION V. 

The fame beiqg given, as in the laft propofition, It Is pro- 
pofed to iliuftrate the manner in which the furface moves with 
refpedl: to a point at reft In abfoiute fpace. 

Let Z (fig. 4.) be a point touchuig the furface, but at reft 
in abfoiute fpace whilft the furface moves under it in any man- 
ner whatfoever. In any one poiition of the o£lant ABC 
through Z draw the great circles As^ Bq^ and Cr^ which by 
the property of the fphere muft be perpendicular to BC, CA, 
and A B, refpeftively ; then muft the velocities of the foheri- 
cal furface at s^ q^ and r, in direftions perpendicular to each 
of the circles As^ B^^ and Cr, be x^ y^ and %^ the angular 
velocities therefore about Z, with which the furface pafles 

under s, q, and r^ muft be j^ , -J— , and jr^% through Zand 

1, Ls U Lq 1. Lr ^ 

O draw the quadrant of a great circle ZY; then^ as/3 : a: :: f OY 
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^ ^x f. OYrrthe velocity of the moving fpherical furface at Y^ 
which is therefore the angular velocity of the furfact at Y 
round an axis at reft whofe pole is Z, becaufe ZYirpo'*; 
which four values obtain, let the point Z be taken at reft in, 
abfolute fpa^ce wherefoever it will. Alfo, e v. {. OZ is the ve- 
locity, with which the furface paffes under Z in a dire6tioa 
perpendicular to the great circle GZ at Z, which muft there- 
fore be the real velocity of the furface itfelf there at that in- 
ftant; therefore the fluxion of the track upon the furface 
which continually paffes under Z is :=z e x {. OZ x /==; 

yf. Zr + f. Z^^-f-f. Zr^ From which equation, and the pro* 
perties of O found in the preceding propofitions, general ex- 
preffions for the relation of Z and O may be obtained. But, 
feeing that there is fuch a latitude in determining or fixing 
upon a proper point Z out of an infinity of points at reft, and 
this handled in a general manner will run into a complex c^/- 
culus ; in order to fix upon a point Z under the moft eligible 
conditions, it may be beft to deduce them from the properties 
of any particular problem that cornes under confideration. 

For example, taking that in the fecoiid fcholium to the laft 
propofition, where x and e are conftant, and j;^ + ^^=/ — ^^ is 
alfo conftant and = ^y + ^T = ^^-^^iG^rr^T, ory'+r-F alfo 
conftant ; and the velocity with which O ftiifts its place along its 



proper track = — , conftant alfo. Here, in order to fix upon 

a proper point Z, fuppofe the motion to begin when O (fig. 5.) 
is upon the great circle AB at E, and after fome determinate 
time = /,. fuppofe the oftant ABC to have arrived in the pofi- 
tion A'B'C^ and that in this time the point O has fhifted its 
place from E to O, that is, fuppofihg the oftant ABC to be at 
reft in abfolute fpace, while A'B'C'' is in motion, on A'B'' 
Vol. LXXX. X x x taking 
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Mking A^i^rrAE, the point O will' have fliifted Its place In the 
time /j in abfolute fpace from E to O ; and upon the moving' 
fpheriGal farface from^^ to O along a. lefs circle whofe radius is 
equal to the fine of AE = f. AVzuf, h:0 — b. Now, at the 
commencement of the motion, that is, at AB, the firft velb-^ 
city of the point A along CA is ^ x f. AE = eb^ the then value 
ofjy, becaufe the pole of the natural axis of motion E being 
then upon AB, the value of %zr o^ and the pole E fhifting its 
place in the^ im(^ EO in abfolute fpace, and the invariable 
point A of the fpherical furface movhig in the fenfe AA'', there 
muft be fonie point Z between E. and A at reft with refpe<9: to 
both thefe motions, or round which both of them may be 
fuppofed performed*; its property muft then be fuch, that as 
f. AZ : f. EZ V velocity of A:=zek :'to the velocity with which 

the pole E begins to fhift its place =^i^x lr~\ but ~ is the 

^ ^ ^ £ AZ A 

velocity with which it fhifts its place upon the moving fpheri- 
cal furface at E about the radius =:f. AE -f. AZ + EZT And 
when O is at E the velocity with which the fpherical furface 
paffes under Z will be exL EZ. Again, when O is the 
place of the momentary pole, the velocity of the point A^=: 

s/y + % = es/y + ^ = eb as before, and the velocity with which 

O fhifts It place round A^ r:— as before ; it therefore fhifts Its 

^ A 

place round fome point Z in abfolute fpace fuch that ebx 4--^ is 

ftlll the velocity with which it fhifts it, which, becaufe A^Orr 
AE, muft be the fame velocity and the fame point Z as before^ 
Confequently, the point O fhifts its place along a leffer circle 
of the fphere whofe radius r: f. EZn: f. OZ, and in the time of 
fuch fhifting from E to O, or from A to A^, the point of the 
^ furface 



iurface which- at firft-was mider Z will arrke at^ ^^ in- A'^B^^^ 
where A^ssssAZ, and E confidered as the fame invariable 
point of the farfkre will arrive at e^ (o that A''^ 1=: AE % them- 
fore, iiTCe 'EIL-:=z'Q1j is conftaot^ and Z at refl both with 
with refpeft to the velocity ^^ of A'' round it, and the velocitl^ 

— with:which G fliifts its place^ itmuft be as'f. .EZ=:f. OZ : 

£ AZ ix-~%ebii-:i-^ but i and /3 are the fine.and coiioe of 
AE = A'O =EZ + AZ ; therefore, as £ E%-- b x cof. AZ -- jG 
X £ AZ : /3 X 1^ AZ ::— . : i, and as ^x eo£ AZ : ^G x £ AZ : J 

i 4- I : I ::~^-tang. AE : tang, AZ== -- x -.—-5 and £ hZ : 
Coi". AZ = r. BZ : : -^A : A + 1 X /3 : : tang. AE : —-, f. A Z =; 



— 5 and co£ AZ == '•■7'*'—~£ — -f — ~, ; and thus a ^{{^ 



tin£t idea of this motion of the fpherical furface is obtained^ it 
being now clear, that the point A'' moves round Z at reft 

with the velocity ^^, and as £ ZA : i xi eb % - -' -"- ^ -" ' — . » 

the angular velocity with which A^ moves found the axis 
whofe pole is Z, which is therefore conftant ; ^nd at the fame 
time the furface itfelf moves in the direction of the great circle 
B^C'', that is about the ails whofe pole is A^ with the conftant 
velocity ^-r^jQ, which two motions may be confidered as fepa* 
rate, and the reft as confequences of them ; that is, the point 
Z is at reft, and the point A^ moves uniformly round it, whilft 
the furface upon which A'' is an invariable point moves round 
the axis whofe pole is A'' with an uniform angular velo« 
city, thefe two angular velocities being in the ratio of 

XV V -^ . / 

A A ■A#_ 'i^ ■ 
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^^J^±3^t±^ : /3, or of v^ATTa+TF^ : A/3 ; therefore,, 

the times being inverfely as the velocities, as A/3 : 

\/A^ + 2iKjS^ + /5^ :: the time of one revolution of A^ round 
Z : the time of one revolution of the furface round A\ that 
is, round the axis whofe pole is A\ v^hich time is given be-^ 
caufe xzze(3y and confequently- the time of one revolution of 

A^ round Z is given. Again, e x f. OZr: .. .H,.^^--:- :- rr the 

velocity with which the furface paffes under Z (at reft). The 
angular velocity round the axis whofe pole is 0:=:e^ and the 
velocity round O in a circle whofe radius is ^=:^^, O Oiifts 
its place in a circle of the fame radius ^ with a velocity = 

—■; the time therefore in which Q jQiifts through the leffer 

circle ^O is to that of one revolution round O (which time 

may be fuppofed given) = T as ^3 : : i- , oras i : ~, that isj, as 

B AX 

- : I :: T ; -— zzthe time in which O makes one revolutioa 

Upon the furface. And as ef^ : T :: e :.-j=r-the time in which 

the furface makes one revolution round A/', or the axis whofe 
pole is A^ ; and from tlie analogy above^ the time of one revo- 

iution of A'' round Z r= -7==ri.=r====^^ Alfo, as i : f. AZ :: 

efS : -7r=r:=:=========r rr the veiocitv with which the furface would 

pafs under Z, owing to the motion only round the axis whofe 
pole is A\ and in a fenfe from B'' towards C^ ; whereas^ owing 
to the compound motion it really moves under Z In a contrary 

fenfe with the velocity ^,-.— 1-— - — z^; this is, however, only a 
neceflary confequence of the centres of the circles whofe radii 

7 «'*^®' 
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are £ A^Z and f. EZ fhifting their places ifi abfoltite fpace, 
which therefore can in no wife afFed the velocities round thofe 
centres, which velocities myfl ftill be the fame relatively to 
the centres as if the centres were at reil^ Hence^ then^ the 
nature of this fpherical motion is fuch, that the axis whofe 
pole is Z being abfolutely at reft, the pole O fo ihifts ils place 
in a circle whofe radius =£ ZO alfo at reft, as to do fo with a 

eon ftant, velocity ^/^x l^^^.-L. znthe velocity with which it 

fliifts its place in the circle ^O on the moving furface, the 
track therefore on the moving furface ofculates or rolls upon 

that on the immoveable one. Therefore, fince — -::=the time of 

om revolution of O upon the moving furface^ and the time 
of one revolution of A'', and confequently O round Z=a; 



A.T 



^-^_^ - -z :^-; in the time of one revolution of O on th^ 

V^A^+aA^ + r 

moving furface, It will have fhifted its place round Z in the 
circle whofe radius =zL OZ, through an arc = the whole peri- 
phery x ^A' + y^'+g'^ ^^^^ -g^ jj. ^j}| j^^^g ^^^^q J-_ ^ 2A + i 

revolutions round Z : for, as the two circles eO and EO ofca- 
late, it will take f^=v|i+ 2A + 1 times the periphery of 

EO to go round ^O, that is, the point A^, and confequently O 
will have moved this number of times round Z at reft, whilft 
O ftiifts its place once round the fpherical furface in motion. 
Hence then the nature of the motion round the momentary 
axis whofe pole is O, and the fixed one whofe pole is Z, will 
be apparent from the following fimple contrivance. A circle 
EO to radius = f.ZO=:f. ZE being drawn upon a fpherical 
furface at reft, an o£tant of which is ABC, let a paper, or 

04 f Xv !» 
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(^^t]mx' Iog£q ixix&Q^$ be 'fitted to this odant, and having on the 
cei^fine A and radius AE defcribed a circular arc on the loofe 
furface, let the part thereof EOFCBE be cut away, and 
eompletiag the circle EF of the remaining part, let the cir- 
eumference of this circle be moved uniformly along the cir- 
cumference of the lefs fixed circle EO with the celerity 

— beginnuig at the point E in each, fo that the moving circle 

may roil along the fixed one, that is, fo that the arc O^ of 
the moving circle which has been in contad with the fixed one 
may be always equal to the arc EO of the fixed one with 
which it has been in contaft ; then, fince OZ and Z A^ are 
conftant, and OZ perpendicular to both circles, the point A^ 
muft defcribe upon the fixed furface, the fame locus as in the 
cafe of the motion above fpecified. The locus alfo of the mo- 
mentary pole O will be the fame, and the angular velocity of 
A'' about the momentary axis the fame as that of the moving 
furface about it : for the celerity of O about the axis whofe 

pole is Z=^ being equal to the celerity about A^ m motion^ 

and the locus of A' being a circle whofe radius :=C ZA, we 

have, as f. ZO : f. ZA'' 'i ~ * <?^^the velocity of A\ and as 

f. OK^-zzb : eb :: radius— i ; ^=::the velocity about the mo- 
mentary axis, as it ought. 

From this complete folution of the particular cafe may be 
collecled in general, that if the o6:ant ABC be taken fuch 
upon the moving fpherxal furface, that the track of O there- 
upon may crofs the two great circles AB and AC at right 
angles, a point which is at reft with refped: to both motions,, 
or round which they are performed like a fingle motion^ may 
at the inftant of the momentary pole's eroding each of thofe 

great 
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great clrciles be foiiiid^ iix; the fame raaiiner as m the particijlai^ 
cafe here Ipecified. And it will dfo be found for any poiition 
of O, by means of the expreffions for the velocities found in; 
Scholium L Prop. lY. ;: but of this more hereafter. 

P E OF OS I T I OH VI. 

If a parallelopipedon (or other * folid) revolving uniformly 
with an angular velocity =^ about one of its permanent axes 
of rotation, receive an inftantaneous impulfe in a dire<ftion pa- 
rallel to that axis, the centre of gravity of the body being 
fuppofed to be kept at refl by an equal and contrary impurfe 
given to it, and no other force ading upon the body, it is 
propofed to determine the alteration in the motion thereof^ 
ill confequence of fuch inflantaneous impulfe. 

The impulfe being, by hypothefis, given in a direftion per^ 
pendicular to that of the then only motion of every particle of 
the body, cannot infliantly alter its angular velocity about the 
permanent axis ; but its immediate ef£d mufl be to caufe the 
body to revolve about a frefh axis, w^hiifl; the angular velocity, 
and confequently the momentum oi rotztion about the firfl or 
permanent axis, remain unaltered by fuch inflantaneous im- 
pulfe ; for though it gives a different diredion and velocity to 
the particles, by caufing them to revolve about another axis^^ 
yet muft their relative velocity about the firfl: remain unaltered 
by the nature of relative motion, becaufe the fecond or addi- 
tional motion is given in a diredion perpendicular to the fir fl* 
Any alteration therefore which may be made in the velocity 
about the firft axis, by reafon of the oblique motion of the 
particles about it, owing to the then revolution about a frefh 
axisj mufl be a work of time. And to determine fuch alteration ^ 

^ See the note (C) at the end of the Paper, 
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kt M = the mafs or folidlty, and 2^ 2C^ and 2^, be the three 
diinenfions or length, breadth, and thicknefs of fuch parallelo- 
pipedon ; then it is known that the momentum oi inertia 
round the axis on which the dimenfion zd is taken will be = 



I M X c'' + /p% this being no more than the produft of a particle 
of the body into the fquare of its diftance from fuch axis, 
when integrated through the whole body, as is now too well 
known to need the repetition here. Let I (fig, 6.) be the 
centre of gravity or of inertia (they being both one) of fuch 
parallelopipedon, IB the permanent axis on which the dimen- 
lion 2^ is taken, CI that on which 2^ is taken, and a perpen- 
dicular to the plane BIC (of the paper) at I that on which %d 
is taken I then on the centre I defer ibing the quadrant BSC, 
%vhofe radius BI or CI may be fuppofed unity ; if the body 
once revolve about this laft named axis with an angular velo- 
cityrzs meafured along the great circle BSC, and no external 
force or impnlfe ad: upon it, it is agreed and well known, that ; 
the centrifugal motive force round fuch axis will ber: M%^ x j 

and always being equal in contrary diredions round the 
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3 



axis can have no power to alter the place thereof ; but fuch 
motion and motive force continuing always the fame, the axis 
mufl: be at reft, and the velocity round it uniform for ever. But, 
if the body whilft fo revolving receive (as by hypothefis) an 
impulfe in a direction parallel to this axis, that is, perpendicu^ 
lar to the plane of the circle BCI, and an equal and contrary 
one to keep the centre I ftiJi at reft, the faid impulfe being 
perpendicular to the motion cannot inffantly alter the angular 
velocity %, but will give the axis itfelf a motion in a plane 
perpendicular to BCI, and confequently about fome axis SI in 
the plane BCI^,. round which axis^" SI the centrifuFal motive 
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-fefcea of llie pptlcies bmog. m loi5ger.la e§uM§rw^'hccm(Q It 
It not a pqriBgnentaxia (except m ,pa:rtkularxafes):tliis .oblique 
■imQlioil'^f iht P^^^kks-wilVia time, alter tbev velocitj-^. v Tp' 
determine then the value of the motive force caiifing fuch alte« 
ration, of %.let ML;'r:-2i£ be a line parallei to , the fide of the 
parallelogram which is, a fedion of 'the folid perpendicular tp 
the axi^- CI J f the laiddle point of ML,, ^. any- other point 
therein, /i^ and f ^ two perpendiculars to the plane which is 
perpendicular to BCI and pafles through SI; and from B let 
fall BN perpendicular to the axis SI : then, the point J2 muft 
cuecefiarily fall upon SI, becaufe the plane BSCI produced bi- 
fe<9:s the folid, join ^/i which is the perpendicular diftance of 
f from the axis SI; let t^^: the velocity of the body at B per- 
pendiculai: to BI and to the plane BCI (which is the iame in- 
variable one in the body, and that wherein the permanent axes 
BI and CI are fituated); then^ as BN : v rri : the angular 

velocity of the body about the axis SI>r^, and by the nature 

of all motion, zsBN : vii pnr:^x ^ irthe velocity of the 

pointy round ;^, or of a particle of the body at/ in the* circle 
whofe radius is /#, confequently the centrifugal accelerating 
force, v^hich is always equal to the fquare of the velocity di- 
vided by the radius of motion, is there=^ x^^ ading in the 

direfklon/^ upon the axis SI, .which may be refolvedfinto two 
others, the one parallel to the plane Sp I, which can have no 
effe^ in a dire6:ioa perpendieulartothaj plane, and the other i: 

— ~ K to z::~-% X ^^perpendicular to that plane, which drawn 



into a particle /^ of /the; body: at/ give$ / x p x ~ =the motive 

Vol » 'LXX'X Y y ' y . force 
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force of that particle to njove the plane Sml in a dire£tion pa- 
rallel to BN, or about the permanent axis which is perpendi- 
cular to the plane SBI, and which value is the fame in what- 
ever point of ML the particle p is fituated. 

Let Gj-R (fig. 7.) be a fedion of the folid by the plane IBSC ; 
then, lince the motive force of a particle p of the body 
lituated any where in a line perpendicular to this plane at q is 

pxqnx —2, the motive force arifing from the dimenfionML=j 
2^ of the body will ht=.2d%f >i i-^, and as SI = i : In : : idv'' k ] 

J^^ : zdv" X ^^^- ^ = the equivalent motive force adling at the 

conftant diftance SI =unity ; which muft ftill be integrated with 
the other two dimenfions of the body, becaufe every par- 

tide p — Mp X KR x qg. In order to which, let now /zz 
~^ s and ^ = the fine and cofine of QIK= NBI=:SC to radius 
unity, IRr:^, GK = c, KR = ^5 and qg^y; then will KI=: 
X — ^^ Kq =y — c, and as / : KI :: i : ^1=^-^^ :: s : QK =: 



t 



XX — ^; hence, Q§^ = Kf-QKirj/-^--. -» xx-^-b, and i : 






Qf :: s : Qn=s x^'-c^^-- x^-^iif i qn=t x y -^ c -- sx ^ - B^ 

m 

and I;^ = QI + Qi^=:j'Xj); — ^4-/xx-^; hence qnxlnzzstx] 
y - 2yc + c* 4- /^ X3; - ^ x AT - ^ — / x J/ — c X X --b-^stx x-^'^^ 
which multiplied into 2^ and the fluent making j; only variable 
fo as to comprehend the whole body 5 when^ r: 2r =j^G,is = %dfst x] 
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» zcxx"' - zbx + b\ and this multiplied into i, and the fluent 

taken in like manner, will, when x'^^zb^ be=- x dfstx 

3 

^3 
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^ 3 3^ ^ 3 

f. BSn:? : t) :! f. CS = j :^ = the velocltj of the body at C 

perpendicular to CI and to the plane BGf ; let ^™ - ^ now, and 

V rrj/, and the preceding fluent becomes — ' x c" — ^^ =::: the mo- 
tive force a£ting at S along the circle BSC to alter the velocity 
% along that circle; and if this be divided by the mertia 



— X c^' + if' along BGj it gives .^n^ x i-— ^=:4- (where ir: that of 

the time) =s the accelerating force aftiog along the circle BC« 
Now (this being referred to fig. 3.), for the fame reafon, as 
the two velocities A? and ^ along BC and CA turn the body 
about an axis whofe pole is R in AB, and thus caufe the pertur- 

bating motive force ^ x c" -if above computed, muft the two 

velocities ;v and % along BG and B A turn the body about an 
axis in CA whofe pole is Q, and proceeding in the very fame 
manner as before, the perturbating motive force thence arifing 

will be founds — X if -^ d% to alter the motion along AC, and 



the acceleratlve one =: . x^^='^^ to alter the velocity j^ about 
the permanent axis whofe pole is B. Alfo, the motive force 
J^xd" ^ c\ and the accelerative one = --^^ %yz = f to altet 
the velocity x along BC* 

s c H o L I u M K 

Having thus obtained the values of the accelerating forces 
»» • 

?-, --, and ?- (feeScKblium I. prop, i v.), the matter is now 

Y J y z brought 
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broqgiit to aii ifluej and the motions and times may* frorrr 

lieoce be computed. But it will be proper firft to fliew 
wherein^ and m^by^' thefe- eonclufiotis differ from thofe brought 
out by Mr. Landb:n. 

The three perturbating motive forces- afting along the peri-- 
pheries of the three great circles CB, CA, and^ AB, in figo- 3.^ 

'|\yT ...i. .1., -Ml lyr » I I mill 

Prop* IV. are above found to be — x d^ — d" xyz^ — x ^^ •- ^^ X xz^ 

3 ■ 3 



M -T JT' . r rv* 1 .1 . , M 



mid — X 6"^ - ^'' X xy refpedively, or their equals •— x 1^ - c^ x 
3 " , 3 



M TS Tt' ^^^ 1 M 



/ylj -^ x ^^ - ^^ x //3^^ and - x ^^ — ^^ x /jSy* And if we fup« 

pofe the accekrations x^ y^. and 2;, to be refpeftively propor- 
tional to the motive forces, the fum x+j + ^ muft be propor-* 

tionai to the fum of the three motive forces^ and ock -^^ yy -^-^k 

or its equal e^^k^eyy-^dz muH be proportional to — x W^~^^, 

3- 



iVl -r--^' --^n..!™..'.-™-. ,« i^ ^v . iVl 



3 3 3 



^/'^ — ^* + F — # + cr^ - i?" that IS as' nothing ; coiifequentlj, eezz 
xx + yj/ + %z:::zo^ ill which cafe therefore- e muft be a conftant 
quantity. Moreover, thefe quantities now mentioned as re« 
fpeclively proportional to one another, turning the equal ratios 

into equations -^ — ~« =s, — ^ — ^ — =s - — ^ — — — irr: — -~ -. — «. 

PC y m 



tz£^=.tz:£;il!l^^,.^^^, hence D/3i3 = -x,^^, 

y ^ ^ 7 h' 

and DM= — Cyo^, and taking the fluents of thefe two laft 
equations, putting n and m for the refpeftive values of and I 
when y-o^ we obtain DiG' =:: D^' - By\ and D^' r: Dnf - Cy% 

coDlequently /3=^_^-^ and <?.rr»_^_L; which are the 



a T^a 



y^iy 
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irerj equations brought out by Mr. L andeh in fo very difFerent 
a manner. 

Here then the matter may be fafely refted; for the accelera- 
tions are moft certainly as the accelerative forces, and not as the 
motive ones. Conclufions, therefore, that are drawn from a 
contrary fuppoiition cannot be true. 

It may not, however, be improper to {hew here how Mn 
Lander's motive forces E and W^ arife from thofe above 
brought out; thus, in fig. 3. Prop. iv. let s and / the line and 

coiine of AQ to radius i, that is, let s-—— and /= -, then the 

motive force along B A refolved into the diredion BO becomes 

— X c' - b'' X e^^^yi^ and that along BG refolved into the fame 
3 

M 



diredion BO becomes "-- x # — / X eyh^ the difference of thefe 

\ 3 

^^ ^ X /y K ^^ --? X Ij - c^ ^# X iS/ = ^^^ X Di ^ C muft ^ be: 

' 3 ^ ^ 3 

the motive force a£ling along the great circle BO in the fenfe 

from B towards O, or from O towards Q; and this is the very 
motive force E determined by Mr. Landen, and acting in the 
fame manner. The motive force which a6ts at O perpendicu- 
larly to the force E is mofl readily obtained from that a£ling 
along CA ; for if a tangent be drawn to the great, circle BOQ 
lat O (fig. 3.) it will interfe<St a radius of the fphere drawa 

through Q at a diftancfe f / j from I the centre of the^here=s 

the fecant of the arc OQ, and as i : -= that fecant :: the force 

^Izlll zB.xim at the diftance Q from the centre : = ^ 

3 ^ ^^ 3f 3 

the force afting in the plane of the great circle CIA at the: 

diftance ^ from the centre I, and perpendicular to a tangent at 

i 
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O to the great circle BOQ^; which force being In a direSioa 
parallel to and m the fame plane with the motive force a<Sing 
at O perpendicular to the fame tangent muft be equal to it ; 
that is, the motive force which a£ts perpendicular to E at O is = 

^ X D.,=Mr. L.».eKV force E". And .hi. may alfo be 

deduced by finding by refolution the motive forces along CO 
and AO, and reducing them into the direction of the great 
circle DOE at O, in the fame manner as the accelerating forces 
are managed in Prop. iv. above. Now, thefe forces E and E^'' 
not being the only perturbating ones that difturb the motion 
of the body, but others arifing from the non-equilibrmm of the 
particles in motion round the axes which are perpendicular to 
the planes of the varying momentary great circles BOQ^, 



M 



DOE, they will neither divided by their refpedive inertia — ■ x 



M 



h-j^e + d^ - i^'^ . s^ and - x # + F + y x c' ^^' -/ .a'^b' 

give the accelerating forces along thofe circleSji nor are pro- 
portional to them ; but, by the general properties of all motioa 
as proved in Prop. iv. the accelerating forces In thofe circles are 



]2 .a 



ixf -? xi (/ = thatof thetime)='4-^=~X^V- 
'7r^X^''^ = ''^^^''Sy<'-'j^.^e'gyf='^~f (S) and 



g t g t t g d^-^-c^ ' ' g c^ + h"; ' ^ ^ 



d^^b^^^^^'^ g U^-4.,^ V+^^ a^ + i^^^^ ^d^-i-I^^J g ^ 
(1^^ X %^ xirjT^ X r + tri^ )= ^'A (m. And from 
thefe equations (S) and (Q) there refults the analogy, as 
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hence, -v— i x / - - - x ^^ : ~ + — — x ^^4-1-Zi. v f^^ •• 

f-s}:.^, or, putting ~ = Wx^ + ^ and -^-^4- 

or 7-\ .i^-z ^r k ?" b^t when ^=15 i = % and the fluents 



2.. ^/^2 



j^r—M 



corrected accordmglj, give the equation | log. of ~ -^ 
tlog.of tS*-log.of i^, confequently, ^.Jfj^! =■ 

/.C_-ii4, and «^^x^-NY-M^ = //XI-iV-My;. but 
j^ = Ij therefore m' - §'^ x 1 - JS^ = M^ - NV/ x ^^^ ; or, expung* 

the equation of the curve whichis the locus of O upon the moving 
Iphencal lurface ; or, if jr;;.— z = A, -^--^ = B and, -^Z^ = G, 

^^•-i^==--l~^ -—. Which conclufion may be brought out; 

With much more facility, by means of the three original equa- 
tions above in veftigated, which exprefs the values of the three 

accelerating forces 4 , 4 , and ?- , as will be Ihewn hereafter* 

But it is of importance to have proved here, that this different 
method when rightly treated comes to the fame ^s the other.; 



s c;H ox I 
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The velocity of tha body, in <lire£tioiis ^of the peripheries of 
three great circles boiiinding an' oftatit of the fpherical furface 
which revolves with it, might have been referred to any other 
o£l:ant befides that whofe angles, as in the preceding folution, 
are in the poles of the three permanent axes ; but then^ befides 
the pertnrbating force arifing from the motion of the body 
about each of the three axes whofe poles are in the nodes of 
the great circles bounding fuch oflant, there will^ pertaining 
to each circle, be another pertiirbating force, arifing from the 
mon-equilibrium of the par ticks 'of the body in motion, in planes 
parallel to the plane of each circle, which being confidered 
would greatly perplex the operation. And hence arifes the 
neceffity for referring the motion to permanent axes, becaufe 
about them this laft-mentioned perturbating force vanifhes by 
reafon of the ^rnhBc equiUbrmm of the particles in motion 
found them ; their property being fuch, that if the body begia 
to move limply round one of them, it muft uniformly con-* 
tlnue fo to do for ever. And if, as in the preceding propofition, 
the body be compelled to move round fome other axis, flill 
during the elementary time ./, .notwithftanding that each of 
thefe 'axes or their poles has a. proper motion of its ownj yet 
the reiaiim angular velocity, and' confequently the inertia and 
motive force: round, ^ach-^axis, will be the .flimeas^ if the body 
revolved with the fingk: angular velocity ^, j^,,- or %, 'round 
only one of them, and confequently fuch velocity can have no 
power to alter itfeif;, but the eqmWrium of the particles tends 
to preferve it^ for the particles hy their motion round one of 
thefe axes cannot - alter ' the angular velocity about it ; but fuch 
2 alteration 
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alteration muft be caufed by the other motions of the body 

which are referred to the other two permanent axes as in the 

• • • 

foregoing folutioh, and thus produce the forces ^ , ^ , and %- , 

afting at the nodes S, Q, and R, of the great circles BC, 
CA, and AB. 

If the two great circles DOE, CQA, be continued, they 
will meet in a point of the mideircle 90'' from O, and make 
an angle whofe meafure is the arc OQ, and if Mr. Lan- 
Den's motive force E'''' be refolved into the direftion of the 
great circle CA, it will become W^ x cof. OQ^ E^'^ x g =# 



— X ^"^ — ^^ X ^^jG^, the very fame as invefligated in the fore- 

going propofition. But Mr. Landen's method, befides the 
force E'''' perpendicular to BO, will like wife give two other 
motive forces perpendicular to AO and CO at O, which re- 
folved into the directions of the great circles BC and AB will 
alfo give the above inveftigated motive forces in thofe circles, 
and thus the two methods prove each other. 

I know then of no objeftion but what is already obviated ; 
I fhall therefore proceed to the folution of the following pro- 
pofition; firft, independent of the conii deration of a momen- 
tary axis, the properties of which fhall be inveftigated after- 
wards. I could eafily give the demonftration that the pro- 
perties above fliewn to belong to the parallelopipedon, alfo per- 
tain to any other body ; but as this has been done before by 
Mr. Landen, I fhall take it for granted here. 



VoL.LXXX. Z z z PKo^ 
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P E O P O S I T I O N VIL 

If a body of any form mvolvQ m any maontr whatfoever 
with its centre of p'ravitv at reft in abfolute fpaccj and fo as 
not to be difcurbed by the aSioii of any external force ; to 
determine in what manner it will continue its motion for 
ever.' . ' ' ■ ■ ■ 

Since any body whatever, whofe permanent axes can be 
found, may be reduced to an equipollent parailelopipedon which 
Ihaii move in the very fame manner as the body ; hi this be 
fuppofed done, M being the mafs or folidity of the body, and 
Ma''^ Mi^5 and Mc", the refpedive momenta of inertia round 
the three permanent axes df the body whofe poles in the fpheri- 
cal furface whofe radius is unity revolving as the body revolves 
and concentric with it are A, B^andC, at the diftance of a qua- 
drant from each other (fig, 8,); let a; = the velocity with which 
the body moves round the permanent axis whofe pole is A, 
and meafured along the great circle BC at the diftance of a 
quadrant from that pole (A) and in the itni^ from B towards 
C ; in like mannerj let j; = the velocity round the axis whofe 
pole is B, meafured along CA^ and in the fenfe from C towards 

A, and % = that round the retnaining permanent axis whole 
pole is C meafured along AB, and in the fenfe from A towards 

B, Alfo let / = th€ time from the commencement of the 
motion. 

Then, the quantities which in the 6th Prppofition were repre^ 

fented by - x^T?,' - x ¥+1% ^ ^^^"^^iipj. M ^ ^^^^---^ 

3 3 3 3 

„Xi ^a, jKc ^^, ^^^, ^^, and ^^ refpeaively, 

muft 
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muft now become Ma\ Mb\ M^% M x F-7% Mx"?"-^, 
Mx^^--^% ~T- J --Tr--^ and — ^-. And the three funda- 



I?' ' e 



mental equations for the accelerative forces become 



% 



b'^ — c X y% 



a 

z '. . *^ 75 • 2 



^ ,. — : ^ and 5 — ^ = -T , or x-=^ rr^-— ,. y 






b 



z = f — \-;^J2^ ; multiplying the firfl: of thefe equa- 
tions by dx^ the fecond by b^y^ and the third by c^%^ and 
adding all the three produ6is or refulting equations together 
gives ^^.%'i + ^^j);j/ + c^%.i=o ; alfo multiplying them refpec- 
tively by d'x^ ^jy, and ^^s, and adding the three products pro- 
duces^'^.%'i + ^^j'j + ^^^ij = o ; and if 9, %^ and C, be the re- 
fpe£l:ive values of x^ y^ and %^ at the commencement of the 
motion, taking the fluents ^V + ^y + ^'^^ = d^'^ -\-'b'W + e^''^ 
and dx"' + bY + d%^ = d^ + ^^'aiB^ + ^'C% which therefore are 
conftant quantities. But M//^% M3y, and McV, are thd 
refpe<3:ive mres viv^ of the body round the three permanent 
axes, and confequently their fumj or thq whole w> w*u^ is 

always the fame conftant quantity. Alfo, fince i 



a X 



b^ '-c^Xy% 



c% Vy ^.^^^c^^^ ^xx ^^^ l^yy _^ c^zz 



, therefore -5 — - = -^-^ = -5— r.» and the 







fluents -/-5 X ^^ - r = ^^, x/-315^ = -^ x z^-^; hence then 

" i — I m II r iii n « » ■ Il l II I II r « ii»ii i iii r . r» . I l i » >■ " "' '.' jxi^iHii I ij ' i '" ''' ' ■ ' ' ' ■"■■■'•■■ '— • ••' «, 

which values fubftituted for y and % in the equation / = ( 
_^1_™, give i in terms of Af, x and conftant quantities. But 

the fluent, though attainable by means of the arcs of the 

Z z z 2 conic. 
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cooic fectiooSi is iofuificieot for determming the motion of 
the bodj with refpeS to abfolute fpace, becaufe at prefenr 
nothing is found but the relations of inerli^ and velocities. 

In order to determine a point which can be confidered as at 
reft in abfolute fpace, and the nature of the body's motion 
with refped to it; let Z (fig. 8.) be fuch a point, abfokitely* 
at reft itfelf^ but fo as to be always touched by the moving 
fpherical furface which revolves with the body. Or, it is the 
fame thing to coniider it as a given point upon a concave 
fpherical furface at reft, fiirroundrng and every where touching 
that fuppofed above to revolve with the body* Through this 
point Z fuppofe quadrantal arcs A/, B^, and Cn^ to be drawn 
from the poles of the three permanent axes, and confequently 
perpendicular to the three fides of the odant ABC, fuppofing 
alfo Z to be at the inftant over fome point of this o£tant, and 
that^ is greater than ^, and b than c, when the velocity of 
the odant along its three fides muft necefiarily be in the fenfe 
from A towards B, from B towards G, and from C towards 
A ; then (by fpherics) as L ZA : i : : L2.m^ coH ZB : £ ZAC 
= qpC ZAB :: f. Z/2 = cof. ZC : f. ZAE-cof. ZAC; alfo, as 
{. BZ : I :: £ Z^^^cofl ZC • L ZBA = cof ZBC :: LZUcoL 
ZA :i:ZBC = cof ZBA; and as £ CZ : i :: C Z/=:Gof ZA i 
£ ZCB-co£ ZCA :: £ Zm^cof. BZ : L ZCA = co£ ZCB. 

Now, the velocity s in AB reduced in to the diredion of the great 
GircleZA is - 2i x cofZAB ^=1 ^ ''^'^^^^ and the velocity j in the 
circleCA reduced into the diredion of thegreat circleZA=i);x co£ 
ZAC=^ /ll ? but in a contrary fenfe to the former : con- 
fequently the velocity of the point A along the great circle AZ 
in abfolute fpace, that is, the velocity with wKich A approaches 

the 
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the fixed point Z muft be = ^^^^ ■ — i-'zi ^^ ' ' ^^ ^^^^ man* 

• /» 1 1^ X col. // V/ — % X col, /jA ^ t I • /• T^ 1 T^r~r 

ner is found — — ■ v - ^.^ — the velocity or B along BZ, 



^,,d yx^-^>^^^'-^'^ ^ that of C along CZ In abfolutc 

fpace. But the fluxions of the arcs ZA, ZB, and ZC, are 

• • • 

^^. 'J^f ? ^^^-1 ^nd^^-^^j— ^ refpedively, which divided by 
their correfpondent velocities, give the fluxion of the time^ 

1 » ' col, /jA. o, X /I /• ix 

that IS, ^ == -- - ,/-^p ---■ ; ' c rjh = "U"^ — "^ (above romnd ) 

cof.ZB Py cof.zd 



■»nin! iti«<MW<ifc|— MWMilwiKWB^ 



^ X eof, ZC— %xcof. ZA j^tr'^js — 2j^'^ j^xcof. ZA— ^xcof, 2B 

— ^-^— T- > from which fix-fold equation, it is evident, by in- 

ya^X'-Xtb y 

fpedion only, that if /w =s any confi:ant quantity whatever, and 
ma^'x == cofi ZA, mi^y == cof. ZB, and mc^z = cof. ZC, all the 
conditions thereof will be anfwered. Then, fince cof. ZA^ + 
cof; ZB' + cofi Ze = I , its equal m'a'x' + m'&y + ^W muft 
alfo be :=: i: but from the former part of the procefs 
a'x" + ^y + c'%' = a"^ + ^'315' + c'<e i therefore m =. 

^; a conftant quantity; and£ AZ^'ssi i --cofiAZ* 

^ cof. BZ^ + cof. CL' :^ i^m'a'x^^nnyjt m'c'^%{.BZ' ^ 
I ^ cof. BZ' = I - m'by = /;2^^ V + m W, and fi CZ' = i --^ 
m W =:^ Vx"" + ^/a^^y ; and, from above, the velocities with 
which A, B, and C, approach Z are refpeftively 

p-reater than ^, c'^'^a' is negative, and the velocity therefore 
ill a contrary fenfe, confequently the poles A and C muft 
approach Z, whilft B: recedes from it. The refpedive veloci- 
ties 
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ties of the points A^ B^ and C, in direiSlioiis perpendicular 

to ZA, ZB, 'and ZC^ being CQtiiputed in like .manner' are 

%Xcof ZC + }X::of. ZB 2Xcof. ZC 4- xXcoi, ZA :| .vXcof. ZA+jX cof.ZB 

f. ZA ' 1". Z8 . • - f. ZC ' 

or 4=^-. ~^=S=^=^^ and — :=..:^-.4^ and if each of 

the fquaras of thefe be added to each correfpondent fquare 
of the three former^ the refulting fums will be %^+f^ 
^^+;v% and ^^'+JF% which are the fquares of the abfolute 
velocities of the poles A, B, and C, along their own pro- 
per tracks in abfolute fpace, the operation thus proving 
itfei£ Hence we gain a clear idea of the motion of the body^ 
during the time that the odant ABC takes in paffing under Z, 
beginning at fome point V in CB (or in AB as the cafe may 
happen) and ending at fome point W in CA ; that is, the 
point Z enters the oftant when V touches Z, and quits it 
at W, the motion of the body or fpherical furfacethat revolves 
with it under Z, being in the fenfe from W towards V; that 
is, W approaching the fixed point Z whilil: V recedes from it. 
And fince both the dire£tions and velocities of the poles A, B, 
and Gj in abfolute fpace are given above, their tracks alfo may 
be determined by means of quadratures, as will be fliewn here- 
after. Again, the track VZW, on the moving fpherical fur- 
face, which always paffes under, or, fome point of which, 
always touches Z as the body revolves ; and the velocity with 
which it pafies under it in every pofition may hence be deter- 
mined. Thus, from the equation above found for the value of 



f X a" 



%. is eafily obtained cof. CZ^ = m^'Cz'^ = . .. ^; ..„ ^_^ x cof. AZ' 



*i.».nr j i . i . . w^<..ii«ii»iii » I I * 



xH'' + ^VC% the equation of the curve VZW 

tipoii the moving fpherical furface, which will alfo be found to 

be 



spherical Motion* §^^ 

be the equation of the curve when orthographically proje£ted 
upon the plane of the great circle CA. For let the fphere be 
thus projected, then the quadrants AB, BC , (fig. 9.) will be 
projeded into the right lines BA, BC, and if Z be the pro- 
jefted place of the fixed pomt at any inftant^ let fail the 
right line ZX perpendicular to BC; then, by the nature 
of the projection ZX = cof. AZ, and BX ::= cof. CZ, and if 

— -—zrA,-;; — ; = Bj and -— ~7- = Cj the above equation becomes 

b —c a" — <:" a —b ^ 

BX^ = ^ X 2X^ - ^!f^' + ;^ VC% andZX^ = f!H x (BX^ + 

^ ^ - ^m^c^') the projected track therefore upon the plane Is 

an hyperbola, whofe centre is B, abfciffa BX, and ordinate 

ZX, and taking ZX = o, BX = mc' sf (^ - ~ = the diftance 

from B at which the curve cuts BC, and is therefore the femi- 
tranfverfe axis of the hyperbola. But this is only poffible 
whilft CC is greater than Ar ; forifCC = AaV XZ^-BXxj 

^-hj— 9 the projected track is a right line BU, aiid the real one 

a great circle of the fphere paffing through Bi If Aa^ be 
greater than CC^ the track will no longer cut CB, but muft 
cut BA, and BU will In both cafes be an afymptote to the 
projeded track. Since the track in all cafes crofles the great 
circle CA, and we are at liberty to fuppofe the motion to begin 
at what point thereof we pleafe, it may be fuppofed to com- 
mence where the track croffes C A, and where, of .confequence, 
the velocity along CA Is then =0 ; we may therefore take the 
affumed quantity 05 = o, and ftill all the conditions of the pro- 
blem be fulfilled, the expreffions thus becoming more fimple, 

for 



a 

c 




1 *^2 . A.^A J Am Axcof.AZ* Bxcof. BZ' 



for then ~ = ^^^ + c'{C and AS' 



CC' 



C X cof. CZ^ 



/;2V 



Suppofe W to be the point of GA and V that of CB which 
comes under Z; then at W cof, BZ == o, and cof. AZ = ^^^>2 

==f. GW; and at V, cof. AZ = o, and cof. BZ = /^?^'a J^ == 

f. CV-:£GWx J,,^:^; GV and CW being a khid of femi« 

tranfverfe and femiconjugate axes to the elliptic track on the 
fpherlcal furface that paffes under Z. And the gnomonical 
proje£tion of the track on a plane touching the fphere at C, or 
the orthographical on the plane of the great circle BA (fig, 
a o.) becomes known ; for here YZ = cof. BZ == CX ; CY =:= 

XZ-cof. AZ, and Ar-^CY^x4-,-ZY^X -^ is the equa- 

tion of the curve ^TjW which is the projection of the track 
on this plane, being an ellipfis wliofe femi-?ixes are £ C V and 

f. GW or mb'^ J^ and ma'^, becaufe |J| x ZY' = nfa\' ^ 

CY^ Moreover, the perpendicular to the plane of the pro- 
jeftion from Z on the plane to Z on the fpherical lurface itfelf 

:=. cof. GZ == sl^rfc'€' ~ g X Z Y^ - ^r~CZ^- y ri"z5F^^ 

ZY*; and the fluxion of the track at Z upon the fpherical fur- 
face =: Vcof. AZ^ + cof. BZ^ + cof. GZ^ = ms/ a'x^ + by+Vi; 



2 



and lince / = — = — -~i = — , we thence obtain i^ = -~^ , ^ 

yz Z:V $cy Ax 



z 



^z^.t -a 



|i ■ I I I ' ' ■ i r 1 '^- I ' " ■' I I ,, ' ,,, „ 

^^JJL' and the fluxion of the track = ^y \/~-i + ^' + 1^1 ^ 

which diviaea by t gives m \/-™ +*-^- + -ft- = the velocity 

with 
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wkh wMch t!i0 • track -pafles^ uiiider Z, ■ but -■ .^*' ~ C •---■ 

I X/, and ^:^^^^, alfo ^^ ^^^"^^^^xf^.g^^', 
which fubftitutad for their equals gi^e the velocity == 

m j^:i£ ^ ^Vi: _ fVir^ /-!Ep!ZZ, becaufe il ^^^ - 

\ B^ AC s AC V B AC' AC A^C 

C*A AC U A C/ AC ^ 

^^-^')='o. ^.-i^--^ ^"'^ /«va'+»2vr=i. Now, 

^ A A-IS ALr- 

fuppofiog as abovcj the motion to begin when Vf is tinder Z 
and j; = o, the track muft crofs CA at right angles^ and with a 



fi^-^f^xmc 



velocity .under Z 2= ^^ - c" X w3C'= :>-^^w^-~=7 that velocity be* 

' ' , . . , .: ; , ii f i .- i . III . 1 I f ■■■■■ III 

Ing then the fwifteft poffible^ a, C? and \/a'+ C' being 
the then velocities of the poles C, A, and B^ along their 
proper tracks in abfolute fpace, the velocity ^ being then =j 
M and ^ = Cf which are their greateft values; and then 
Z becoming without the odant ABC, the velocity / muft 
be negative or in a contrary fenfe to what it would be 
if Z were within the odant; that is, fince within the 
odant, 3;, as we have feen, is in the fenfe from C towards 
A, it muft now be in the fenfe from A towards C; x and 
% ftill continuing to be in the fame fenfe as if Z were 
within the odant, till the great circle BGV' comes under Z 

which then touches Y% and confequently ^=^0^ / = ~, z = 



V 



^:«:^_?l = _^£^ v/CC^3Ai7 = the velo- 

B^ , BG v^ABC ^ 

city of the- track under Z, which is then the floweft, the 
correfpondent velocities of the poles A, B, and C, along 

VoL.LXXX* 4' A their 
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their own proper tracks in abfoliite fpace being tfieii 

^€^f^, ^r^|, and M 4^- And when V^ with 

the above found velocity has paffed under Z, then the velo- 
citj X becomes negative ; therefore^ whilft the point Z is 
within the angle formed by AC and BC produced beyond C 
both/ and x are negative, till the great circle BC again crofling 
under Z at W^ y is again zrOj and the velocity of the track 
•under Z the fame as when W. was tinder it, the correfponding 
velocities of the poles of the permanent axes being the fame 
alfo ; after which y will again become pofitive, x ftill conti- 
nuing negative during the time that Z is within the angle 
BC VV, till it again crofies BC at V, and x is again = o, and 
the velocities of the track and permanent poles the fame as 
when V^ croffed under Z; afterwards the poini Z being within 
the o£l:ant ABC, the velocities x^ j, and z^^ will be all pofi- 
tive till W again comes under Z^ and another revolution under 
^Z begins, :andjb onfor ever* ' Moreover, the track being fup- 
.pofed to crofs CA a'ndXB, when either W or W'' is- under Z,, 

the velocity \/l^ + C^ of the pole B is the greatefl poffible^ 
being then nthe greateft velocity that the fpherical furface any 
where has or can have ; and when ¥ and V^ are under Z^ 

^^ 4- _-«_.=: the velocity of the pole A is the fwifteft • 

which it can have, being then = the greatefl vekciiy which the 
fpherical furface any where has at that inflant, fuch vekcity of 
the furface being then the kaji poffible. 

^Poreover, fuppofing ftiil the motion to begin when /=: o, and 

let 



V 
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% -^^« ,x /AC »: .J. /AC J ^. AC^' 

^^:::r:— orv=J^^ \/'^9 J== f^ %/^-* and t = — -^ 



X 



^i9immmKmii0m¥'i'^!}'<''Mmmm-mirm-rf«tx:rm 






<X 



2« 



:t— ' I which here 






AC« /CC* AC« 2 -^J.P ,,,/C „ 



B V B B ^ C ^' A 

iiatiirally divides into three forms or cafes^ if|, JT x 



-?!/ ^ 11_„ B^ . . —2^ 



; idly, _ X .,.-^.- .-— ^. ' . 7-^=11. ; sd-lyv :wherx 



^^7 ,J-r ^ J€/u ^,, 1^' 



" ^' A y A V C 



^ 



If iq ^^^v-- — 7^^- — ^ — J-^1 — ; which laft is of an 

eafy and-known form ; and the fluents of the two former may 
be found by help of the arcs of the conic fections; or 
otherwife, by the following contrivance* 

Suppofe a bar of metal, or other fuch like body, whofe 
centre of ofcillation is H (fig. ii.) to revolve at the earth's 
furfacein a vertical plane without refiftance about the centre C^ 
and that it is impelled from the loweft point S with a velocity 
equal to that which would be acquired by an heavy body in 
falling freely by the force of uniform gravity through the 
height i, that is, if 2|fr=:the force of gravity, fuppofe it im- 
pelled from S with a velocity 2^/^ i up the femicircle SMH, 
whofe radius CS = CH = CMi:::r; then, MV being parallel to 

the horizon, and SV = «; its velocity at M muft be zs/gk^gu, 
and the fluxion of the arch MS == MH = ^ ^ 



M V ^zru — u^ 



r .^u 



and the time of defcribing SM- — X v , : ~ .— becaufe 

the velocity diminiflxes as SV increafes, this fluxion compared 

4 A z with 
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With ^ = — ^ X- ~::zzr=r==r-^— -=^^ , wc hsve ar ;:= -™ 5 ^ = ;^ ; M 

therefore — = CH, we havcj as---— «•■ ^he iuxion of the time 
of the bar's defcribiog SM :i-Bi : i^ thaf is, — - : y/B^ ;s 



2*»^ 



ru 



'is 



a,p ^V 'zru — ■ 2^"'^ A^ — M 



: /; but the velocity at 'H. — 2gls/k -%r 



€^ %■ ' ^^ . ^ "CN . ^ . ., S^ 



24^1 .y ^ ~ .^^ ^ if therefore -^ be greater than ™ (which may be 

called the firft. cafe) -the bar will make whole revolutidns round 
the centre C^ and its velocity at H = that acquired by an heavy 

body in falling through the height %/■—•"- -^, and at S the arch 

MH = the ■' fe mi circle. ' N0W5 -when y'^-^o^ that is,^ when 

W or W'^ is under' Z/f^=:05 '.S.V=^05 and when u'^%r=z. 

— =:SHj then y:=-— which'- is the value ofjj;^ at V^'and V""' 

ahove^ the afcent therefore of the bar from S to H in the femi- 
circle correfponds to the motion of the body during the time 
that the quadrant of the track beginning at W and ending at 
V"" paffea under Z^ and the fluxions of the times being to one 

another as — -1 • Bi? the times mull: be in the fame ratio^ 



confequently^ as— ; v^J% :: the time of two revolutions of 

the bar : the time of one revolution of the track WV'W^V 

under Z». ' 

But if, as in cafe fecond^ ~ be greater than — , aAdrbeftill 



2C 



C ■' ^ : ■ ^ A 

the bar can proceed no higher than tilll== that height 



-~^^ its velocity at S htmg=:2gJ^, when ^::;:o and J and SV 



A 

O 
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^s= : and when u ^ —-. y^ zr.-~li which is its value when % =. o, 

as it ought to be, the track in this cafe, that is, when 
A0^ is greater than CC, croffing AC and AB ; the bar in this 
cafe making only ofcillations and not revolutions. But if r 



now be made — — inflead of -— , the bar will flili make whole 

2A 20' 

revolutions and as — t s/Bi( :: the time of two whole revo- 

2A '^ 



lutions of the bar whofe centre of ofcillation is at -— diftance 

2 A 

ffoM C : the time of one revolution of the body under Z. 

Thefe cafes may be otherwife refolved by finding the length 
SCrrr, fuch that the bar may make two revolutions or ofcil- 
lations whilft the body makes one; thus, let SV, inftead of 
being = u^ be in a confcant ratio to it, or SV == /u^ and 



#-W: 



C^ ^ A 



V^'-W?-'" 



, and comparing the homologous quaii; 



tides, i^^^. r = ^m ^rl=:^^ -|^-v/7%, v// 

fuch a bar makes whole revolutions, k muft be greater than 
2r, or ^^' than 1^, ~! than unity, andCC\than ASl\ 

A bar therefore whofe centre of ofcillation is -^^^ diftant 

from the centre of motion, will make two whole revolutions 
whilft the whole track WV'W^V moves once under 
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if CC be greater tiian AS' ; but if Cc' be lefs than A-E' it will 
make two whole' ofcillatlons. In like manner it will be found^ 

that if SCrzr:r ^-^^ foch bar will make whole revolutions 

when Aa^ is greater than C€\ and ofeillations when Al^ is 
lefs tiian, CC" ; and we are at libertj to make. either the one 
luppofilion or the other* 

Cafe 3. But if A^ = C€% and the track that paffes under Z 

be a-great circle of thefphere^ then A,:v^ = Cs\ .■Q-'==r-f Bf^^ 
Aa' - Aat' = Aa* - Cs% il=?l:™, and the velocity under ^=2 



::r7B^=^v/^^AB + ^*BC= ^ -y/^» which is therefore 
= o when ^=0, or B is under Z, fuppofuig that to be poffible. 

Buttheni = ^^=-^xz3y- X'^^, and t == — 

: X hyp. log. of - — -r^ — ; therefore, when at the firft inftarit 

j^zzro, to have the motion polliblet y muft be a negativt 
quantity ; which is agreeable to what was obferved before, 
that y muft be negative within the angle ACV^; but ia 
this cafe Z can never come over V^, for then t would be 
infinite. And if the motion be fuppofed to begin when Z 
is fomewhere w4thln the odant ABC, where y the firft 
inftant is equal to a given quantity %^ then the fluent muft 

be fo corrected as that t = ^— . k hyp. log% of 
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,A ^ /A 

X — ^ but the tjme or motion can never 



begin at B, nor can the pole oppofite to B ever come under 
Z. ^nd the reafon of this is alfo evident from the nature 
of the motion itfelf ^ for thefe being poles of a permanent 
axis, if Z were once over one of them^ it muft always con- 
tinue fo. 

Having thus determined the time, velocity, and manner, 

in which the fpheiical furface that revolves with the body 
pafl'es under the fixed point Z, it only remains to determine 
the path of one of the poles as C of the permanent axes about 
Z in abfolute fpace, or upon a fpherical furface at reft, but 
equal and concentric with that fuppofed to move with the 
body; for the path of one of thefe poles as C being found, 
thofe of the other two, and indeed the path of every other in- 
variable point of the moving fpherical furface, becomes known. 
Now, the velocity with which C approaches Z is found above 



a ■ 






and the fluxion of the arc CTj'zz 



' v^V'+^y^ cof.cz 

^2-_^ divided by the velocity gives /, whofe fluent is found 

above, and confeqyently the diftance of C from Z at the end 
of any time /, there is then only wanting the angle defcribed 
by C about Z, correfponding to the diftance CZ therefrom, to 

have the path of C about Z ; which may be found by the 

•help of quadratures as follows. 

As f. ZC : velocity of C perpendicular to ZG (found above) 

::^fiifgL^^^ ^^^- ^^ :: I : the angular velocity of C about 

::z--^—, — ~^4— — —which velocity being multiplied by 

coif 
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• cof. ZC 



j » ' w'' V T W* ' w*"W w w < Wii 'W "- «*<"*ey 



•mm'^'^'fw^>m!>m^i 



,,. , ,^ , „.^ the flimioo of die time^ gives the fluxion of 

, 1 ■ 1 r M 1 I v-i I -. '"^ cotZC ^. iT Kcof» AZ4- y Kcof, BZ 

the an^Ie delcribed by L about Z ^t:— jp.-r ^ ~^^^---.^^^.^^-^„---~-™/~-^^^ 

f. ZC^ a'-^Jj^X cof. ZA X cof. Z;B "^ 



cof. ZC . ha'' X f. ZO" ^bxa^'-ex / : ^^ 

^ 1. LL. ^^^'■-^x«'-^''^f.CV,^-f/ZCr w*.~cof.ZC^ 

where s and nzi: the fine and cofine of CW, and £ CV^ = ^ 



h 



s . a -^c 



X -— — •• Now, this being the flexion of the arc to ra- 

dins I , which is the meafure of the angle defcribed by C about 
Z in the time /; this arc in value therefore will be double the area 
of the feOior of the circle whofe radius is unity defcribed about 
Z in the fame time. Hence, having found a fe£tor of a circle 
to radius unity, whofe area is half the fluent of the -above 
fluxion^ or the fluent of half the above fluxion, the arch-line 
of this fe8:or will be the meafure of the required angle de- 
fcribed by C about Z In the time L 



4 



Let A:z -.-^^-' 1^^^-v^ , A being the arc, 'beginning when -^sr 

€o£ ZC, whofe cofine n: ^^-^ — and radius unity, and 6 =:' 
»-_.^i,^,..™,,^ "B-'being = the arc, 'bemnninff when'C'VtrZC, 
whofe Cofine = p~~:^^ and radius unity, and in fig. i2. take ZY 



r 1 I cof. ZC .. ^«^xf. ZC*-lx«*-r^x/ 

iuch that 



,|/.-." -cof. ZC^ 2^ ^p^c'x^'■'^^ X f- ZC^ r"f;CV^'-~ f. ZC* 

mav = A X — the fluxion of the cutvilinear area defcribed 

about the centre Z and bounded by the ordinate ZY, whofe firfl: 
talue is ZG when '^s= cof. ZC, and A=:o; on ZG take 

a Z 
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ZSrr J, With which radius on the centre Z defcribethe circle 
STR'' on which take ST =±5 any value of A, and through T 
draw ZY blithe ordinate correfponding to that value of A^ and 
thus may points at pleafure be founds and the curve GY 
conflruded. Now, when ZC=:CV, the value of ZY = ^ 

A/ — -::; p: .— - ^ -"- -. — — IS intinite^ and if SR::r 

the then value of the arc A, ZR produced will be an afyrnp- 
tote to the curve GY. But to remedy this inconveniency 
arifing to the conftrudioii from this infinite length of the curve ; 
produce any other radius ZR^ of the circle, till ZH==:the firft 

1 r rrxr/ / ki^X(, ZG^ — ^i^Xp— ^^ 

value or Zx' 



. — t^ — *i^ 



a s/'^-? X d'-c^ X £ ZC X cof. ZC V72^~.cof. CZ^ 

when GV?=ZC and the arc B = o, and taking ZY^ =: any 
other value thereof correfponding to fome value R^T'' of the 
arc B leis than RS^ the value thereof when n^zoL ZC and 
ZY^ infinite ; and thus the curve HY may be conflruded by 
points ; let the conftrudions of both thefe curves GY and HY^ 
be continued till the value of the arc ZC in the one conftruc- 
tion be equal to that in the other; then muft the fum of the 
correfponding areas ZGY+ZHY^ be equal to the infinitely 
extended area formed by each curve running out towards its 
own afymptote, each of thefe infinitely extended areas being 
equal becaufe they begin together, and are the fluents of the 

equal fluxions A x — - and B x — -. Equal to any value of the 

area ZGY, let the fedor QZR be cut off froro. the circle whofe 
radius is unity ; then the area of this ledor ::: half the arc RQ ^ 



cof. ZC .. bo" X C ZC/ ^ ^/ - ^^ ^ , 



thp fluent of '.. . '. X 7'^^^^—=--^-™=====---^:-"^ -•: — ~ % 

Vol. LXXX. 4 B and 
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and the fluent of ' /— "" ' • . ^ ^ ^^ ^ 



alio = the lector 



■aa'^^''^c'xa-'~-^x(. ZCxcof. ZCVn'-coU ZC 

QZV = |VQ^::= the fluent of Bx ? the former behig that 

of A X -:^. Then, fuppofing ftUl the motion to begin when 

jj/rro, or ZCi=:CVV^ the arch QR mufl be the meafure of the 
angle defcribed by C about Z in the time t ; and the whole arch 
RQV=? the meafure of the angle defcribed during the time that 
ZC from being = CW becomes = CV^ that is, during one-fourth 
of the time in which the track on the fpherical furface makes 
one revolution or pafiesonce under Z. Confequently, if on ZR 
there be taken the right line ZC:3:the fine of CW, and on 
CV, ZC^'^^f. CV, and upon the intermediate radii as ZQ their 
correfpondent values of f. ZC^ a curve drawn through all 
thefe pohits C, C^, ^^\ &c« will be the orthographical pro- 
jeftion (upon a plane 90^ from Z) of that which is the locus of 
C in abfolute fpace, or upon the immoveable fpherical furface ; 
fuch locus touching the circle whofe radius ZCirf. CW at C, 
and that whofe radius ZC'''' = f* CV at Q/\ And the time of 
moving from C where ZC- f. CW to C^^ where ZC^^=:f. CV 
will be equal to that of a femirevolution a femivibration of 
the bar above found ; and every fucceeding part of the curve as 
Q/r^ Q///^ Qf^o^ defcribed in the fame or an equal time will be 
perfectly equal and fimilar to C, Q\ Q!\ If the angle 
CTjQ^^^^ be a divifor of 360% the path will return into itfelf ; if 
not, it will croft itfelf fomewhere as at C^, and fo on for 
ever. 



G E N E R A I. 
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GENERAL SCHOLIA 



I. Since the moving fpherical furface paffes under the fixed 
point Zin the fenfe from Z towards V, and the invariable pole 
or point C on that furface moves round Z in a contrary fenfe 
BCA (fig. 4, and 8.) there muft be fome point as O upon the 
furface which muft be at reft with refpeft to both thefe mo- 
tions, and which point O muft be the pole of the momentary 
axis, as will appear prefently ; for the preceding folution being 
completed without any regard to fuch axis, it may now be pro- 
per to deduce the properties of this axis therefrom, as by thefe 
means fome new light may ftill be caft upon the motion under 
confideration. 

Let O (fig. 4,) be fuch an axis, whofe properties are confi- 
dered in the propofitions preceding the laft, and let the angular 
velocity of the body about it =h, cof. AO=::|S, cof BO=y, 
cof. CO = 5; then it has been already fhewn, that til3==x^ 
^yzzy^ and ^l^%% let thefe values be fubftituted for x^ jy, and 
55, in the general equations of the laft propofition ; then 
jG^ + y^ + S^zzi, a^'+/ + ^' = «" = »'/3' + HV' + »T% and fup- 
pofing ftill the motion to begin when jK==o? 7^=0, and s^^ = 
^^4-ss^ = a^4-.C^zr<?^ ; that is, let ^ = the angular velocity about 
the momentary axis when its pole O croffes the great circle 

AC ; then, fince x"- = ^ - ^ ><y\ and %-€ ^ ^', x' +/ + s" 



(becaufe i-L^^= ^ J_), and i^'=~-i-~^, which therefore 

AC AL-/ 7 

^AC 

can never be conftant whilft y or BO is variable, except 

4 B z either 
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I I 



either — or — rr o, that is, when either F=:c'^ or drzF. 

A ■ C 

In like manner it will alfo be found, that ^t =z 



^^:^ e 



BA ■ BC \ t ^^ BA /€* a^ . ,^ €" B 



>2 ^ 



I ««. «-_.-. I ■ — ^^^ ^ 



- ; and J = — — x f — . — r- 4. ^^ «^ _- x — ] ,and 

,3" VBA BC^ BA BCy' 



BA BC BC 

when /Sno, or the pole of the momentary axis croffes BC, ^^ = - 



BA BC^ " C 






-, and to have this poffible it is neceffary 



BC BC 

that CC^ be greater than Aa% and it -is above determined, that 
under the fame limitation Z muft alfo crofs BC* 



^\ ^ BA « ^^^* ^ €* 



gam, from the equation — = — — ^ / - _- — r - — ■ + 

^ ^ y^ ^a . BA BA 



J J« , . T ^^ 

AC JdA 

CA,r = ^, ht^=m, and then r=# + ^'--^,or/;^^-r = 

--^ — \^, which is the very equation brought out by a different 
method in the firfl: fcholium to the fixth, propofition above. 
And if nn^zz the cof. of the arc of which m is the fint^ 
it will be found in the very fame manner that (3''=zn + 

^-z 2 -p a .... 



AC A 



. Moreover, becaufe A x a-" - x\z=:'By'^ rz-C x €^ — 



z 



^ ' Br" + A^^ By* + C^^' Ce 

:^^r:!21±^V^=-^=-Bx^ but 



2 _ „ .7'' 



^+'Xc--^l a conftant quantity} therefore mx^+T7;+- 



AC 
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"^ = 0, zn^izi^^jox -^-""^ — t\iQ acceleration force 

ading along the midcircle at 90*^ from O. Sioce^ wlieu 
y = o, jno, and cof. BZ^o, the points Z and O are both 
upon CA at the fame inftant, and when /3 = o, .xnQ, and 
cof. AZ = o, alfo when ^zno^ ^rro^ and cof. CZ=:o ; therefore 
the poles Z and O both enter the ofitant ABG at the fame ipftant ; 
both, when Cc^ is greater than Aa% crofs BC at the fame hi- 
ftant but at different pohits, viz. Z at V where f CV^ =:f. GW^ 



c"- 



X^^X^^.^ ;— - ■; • — =::=zr:rrr-rrr ; and O Where col. liU ZT'V 



;i^ a^ ' a^^iVx.^'^-r 



' i i i « t>»< M i i « i 



B «^ B€^ , „^ BH" /,' -7^ X ^VC^ + «'a^ X ^- -Z'' X 6^+r -«' 



which cannot be greater than the correfponding value of f. CV^ 
above; for, fuppofe the, contrary, and that cof BO' is greater 

than f.VC% then muft •^^^\ ^ f . =;===^=. be greater than 



i3^a^+c4c 



,— - c^^^a' + c'€ than ^ V^r +-^^^'r xb' + c' -a^ ; ^" x: 



c'a' - a'^' - ^^^c^ + ai>' than ^V -« c' x €% a'^' x a' ~i^ xc' + Sr 



than c^C'x^"-^^; /a'x^ -^" than c"€'xd'--c\ and AC 
than CC^ which is impoflible whilft Z croffes BC, becaufe 
it has been proved, that then CC^ is greater than Aa^; 
confequently O croffes BC between V and C (in fig. 8,) and 
both O and Z quit the o£lant ABC at the fame inftant ; Z at 
W, and O between W and C, at the point where y^ = o, and 

13"^=^^ = — , and, as will be more fully fliewn, a great circle 

drawn from O to Z being always perpendicular to the track 

VZWv In the very fame manner it may be Ihewn, that when 

Aai'' is greater than CC% and the track which paffes under Z 

% croiles 
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croffes BA, both O and Z ftill enter the odant ABC together, 
both pafs over it in the fame time, and both quit it or crofs GA 
together; but in this cafe the track for Z upon the moving 
furface is lefs than^ or within, that of O, Z crofling BA at a 
point nearer to A than that where O croffes it ; and O in both 
thefe cafes fhifts its place on the moving fpherical furface 
making one revolution in the time that the whole curve 
WV''W''V takes in paffing under Z; both curves being fuch 
that in the cafes above defcibed where the projedion of 
WV'^W'^V is a conic fedlion, that of the track of O projeded 
upon the fame plane will be a conic fedion alfo, that is, 
where it is fhewn above that the projedon of WV''W''V is an 
hyperbola, that of the track O will be an hyperbola, and an 
eliipiis where that of the other is an ellipfis. 

And when Ar ^C€^ or €' : a^ :: A : C :: ^' : /3% the track 
of O as well as Z is a great circle of the fphere, fince 

|! = |», andf.CQ^--^ X f. AQ^ when O croffes CA at Q 

(fig. 4,); and when Z croffes CA cof. AZ^rrf. CW'nr 

, and f. CQ :::i:--— =r- X—-—.--^ — . and f. CW =^ 



^c^S"^ ^ A A . a^-+€^ C + A 

T C 

— 7a ~ ?a' confequently, a"^ being, by hypothefis, greater 

than c\ the fine of CW mull: be greater than f. CQ or than 
f. CO when O croffes CA ; and therefore the point where O 
croffes CA mufl: be nearer C than the point where Z croffes it 
the fame inftant, in the cafe where both the tracks are great 
circles of the fphere, paffing through the fame point B. 

2. It is now well known, that the mbmentum of inertia o£ 
the body round the axis whofe pole is O is = M^^/3^4-M^y + 

€^^\ and if this be drawn into }s\ theprodua: M^' x {a^^^ + 
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^y 4.^2$^) = Mx(aV + 3y + ^'^^ whole m WW of the 

body, or becaufe radius is unity, It is = the centrifugal motive 
force of the body round the natural or momentary axis, which 
being equal to the fum of Mdx\ Miy, and Mc'z", thofe 
round the three permanent ones, and being above proved 
to be a conftant quantity, the perturbating motive forces 

Mxb''-c''xy%^ Mxc^ — a''K%x^ and M x ^^ - ^^= ry, above 
found, cannot alter the vis viva, or whole motive force of the 
body along the midcircle, or that which is 90'' from O. But, 
for a more particular proof of this, let thefe oblique pertur- 
bating motive forces be refolved into three others ading in the 
direction of the midcircle ; the firfl: fo refolved being 2= M x 

^^ « / X j;s/3 = M^'/3yS X ^' -- c% the fecond =^ Mi^^ I3y^ x c^ - a% 

and the third = M//5yl x 7"^^^ ; their fum Mi."^/37lx(^^^^^ 
j^.c^ ^a^j^a'^ ^il"^ being=o, ihews that there is no motive 
force in the direftion of the midcircle arifing from them, 
wherefore that along the midcircle muft remain unaltered; 
But, though there is no perturbating motive force in the 
direftion of the midcircle, there is oeverthelefs an accelerative 
one a£ting along it; for the three perturbating accelerative 

forcea cound the three permanent axes being —^xyz, 



-S ^^ -^.^^ 



ClZfLx s^, and ^ \ - X xk, thefe being refolved into the dlreffion 

A It^ _^ /"^ /*^ i n iii, /y ^ /7^ „_ l}^ \ 

of the midcircle, their fum sj^/ByJx Y — — - +—j; — ^-~p~) ~- 
«^/3yJ X (^ - ^ +^) will not be = o, but to -1|^ which is the 

value of %■ found in the preceding fcholium, and by the gene- 

ralproperties of all fpherical motion as proved in the fourth 
propofition above is the accelerating force ading there. 

1, JQIS 
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This matter M. Eulee coiifidersin a fomewhat different 
light, by finding th% initial axis^ or that about which^ if the 
body were perfeftly at reft, it would be firft urged to turn l^y 
accelerating forces a£ting upon it ; and from Scholhini i. Prop. 
2V. above it appears, that if the body were at reft, and aded 

upon by three external accelerating forces 4 ? ~: , and ~, it would 
be urged to turn the firft inftant about fome axis whofe pole is 
E by a fingle i.^^-fUfH . i.oU that .he foe forces, 

ZJLIlJL^^ 1 ^ L ^ %. and ?-wili be refpedively as radius, 

t t t t t 

cof. EA, cof. EB, cof. EC, and cof. EO, or .- 



f X cof. EA ' 

^ — i— ~ ■: ^--r: r= - — -^T-—: , and fluce when the body is in 

i X coi; EB i X cof. EC t X col. EO ' J 

motion, and that motion difturbed by the unequal aflion of its 
own particles which generates accelerating forces, fuch forces 
confidered fimply in themfelves muft ftlll have the fame ten- 
dency to turn the body about fome axis whofe pole is E dif- 
ferent from that \vhofe pole is O, and fuch that the above 
equation may ftill obtain, and if the above-found values of 

1, ^, and?, be fubfrituted therein, by means of a c^^/c/i^/w 

t t >> - 

fo inftituted, the value of k, and confequently k will come 
out the very fame as by the preceding methods. 

3. It ftill remains to he fhewn, that the point Z now deter- 
mined has the properties fhewn to be requifite in the fifth Pro- 
portion above, m%. that it is at reft in abfolute fpace, and 
therefore at reft both with refpe£t to the motion of the fpheri- 
cal furface, and to the velocity with which O the pole of the 
momentary axis Ihifts its place. Now, by Scholium i. Prop. 



.^7 2. 
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IV. the momentat*y pole fliifts ita place along its owti track 

■ # 

with a velocity « -—--—^i^ and If Z befuchas that the great 

circle OZ (fig. 4.) may always be perpendicular to the track 
WV^W^'V (fig« 8.) that pailes under Z, which it muft be if 
O be the pole of motion ; then as i : \s :: f. OZ^zzrcof. OY 

the fquare of the velocity of the track under Z = — ^-1 

^, hence £OZ^zz^!^^A^ coi; OZ^ := i +A 

cof/zO=-^^Ci££=.=:f, OY; this, then, is the value of 

cof. ZO deduced from the fuppofition that it is always per- 
pendicular to the track upon the moving fpherical furface 
which pailes under Z at reft; and if this be found to agree 
with the value thereof computed by trigonometry, it will 
prove the legitimacy of that fuppofition, and that it is the* true 
value fuch as that O fliall be always the pole of the momen-- 
tary axis and Z at reft in abfolute fpace. Produce BZ (fig. 4.) 
till it cuts AC perpendicularly at ^^ ; then it is before found, 
that the fine andcofine of BZ are^^v^^ V + c'^s^ and mb^'y ^tho{c 
of CZ^v^^y+ly and mc"%^ and as f. BZ : i :: cof. CZ i 

£ AQr;~:=$^, and coi: A^ = — =^=., f = co£ BO, 



l£±£.^{. BO, ^- = cor. CO, "-1+1= f. CO as f. BO : i :: 

H B ^ 

cof. CO : f. QA = .^:::=, cof. QA=-;=L:^, and the arcH Q^ 

— AQ-A5' = the raeafure of the angle OSZ, and coCQ^s 
Vol. LXXX. 4C d 
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.Z..Z I 2„.a 



- " "j "'^ , hence cof. OZ = f. BO X f. BZ x cof. Q^ -hr 



V';,.-+%^V^/,V + ^V 






cof. BO X cof, BZ = - — - — X f?i s/a^x'' + €%- x cof, Q^ + - x : 






f;^^^'-^ X (^V + cV-}^^y) = ...^glil^-^, the very fame as 

before, proving the truth of the fuppofition. And by the 
nature of the motion as rad* :=; i : j? :: cof. OZ = f. OY : 



*?^a"-f /^^ 



^-_ ^ — the velocity of the moving fpherical furface 

at Y. Now, it does not appear, that there is any one 
point upon the varying great circle ZO Y, which (in general) 
continues always the fame or invariable upon the moving 
Ipherical furface, to find therefore the path of O about Z in 
abfolute fpace, it is neceffary to coniider, that the point O, where- 
foever upon the fpherical furface it is found, can have but one 
proper direction of motion and velocity with which it fhifts its 
place ; thofe therefore in abfolute fpace, and on the moving 
furface, muft neceffarily be the fame, and confequently the 
two tracks, w%* that on the moving furface, and that on the 
fixed one or about Z in abfolute fpace, muft in all cafes 
neceflarily touch a^^d roll. The fluxion of the track of O being 

v^P +r +0 == --^^^f__~i. + Tz— ^+ — ^~? andthevelo™ 



citjAongil^^^s^i^-^^ becaufe f 



<? —1^, d —.^ — - — ^-^ ^^ /j -- ~ ; hence 



a a 



— -— -,«--^ ™\ ..^.^ ■ >^ " ' "" ■ "■ .zqx ' '*" - " ■ "■^"■ ^ ^=» U — jtlL-f 



X 
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111 ■■■.I. I- -I iiiririTtii-iir-T»n ■ 

K / + 1^ 111 like manner -- — —-^^ - ^ ~ AB x ^ +1^% and 

A-ex^^ ^C xTT^, hence the velocity "^^^M^ ^ 

+ ACx^^ + a') = ABcV(~^''~'^~l^''"~? "^^ (becaufe 

I + AC - BC - AB = o, and a' + €^ =^^) which may be farther re- 

with which the mon^entary pole O fliifts its place along its propef 
track ; but it (hifts its place in a diredion perpendicular to the 
great circle ZO at O with a velocity whofe fquare is equal to 

the fquare of that laft found minus the fquare of — r- which is 
the velocity along ZO = ^^-1^ x « x cof.ZO = ;^-^^;^ , 



ducedtp -, W(-^ + ^g^-^--^.g^-.--, + — ^;=thevelo 



hence then the velocity perpendicular to ZO^ at O =, 
^.j(^:£ + ^ + ^-, —^) this drawn into / gives 

ABC\V6^ ^ r\ tang. ZOV ^ 

J ij( — + "ir- + — -" i7zo"V "^ elementary fpace perpen- 
dicular to ZO; hence the angular velocity with which O 
fhifts its place about Z in abfolute fpace = abcxCZ Q v(^ +i 
^ ^"^-^iH. — ^ / A , and the elementary fpace divided by £ ZO 

n^^ !• ZO / 



/ - y 



gives the meafure of the elementary angle, and the track of 
O in abfolute fpace may hence, conceffis quadraturis^ be con- 
ftru£tedby points. But this is unneceflary. after the path of 
one of the angles C of the odtant has been found; fince the 
track of O is thence given by the projedion of points ad 
libitum oi the now known triangle ZOC 

4 C 2 Hence 
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Hence then we colled^ that the point Z is fuch that the an- 
gular velocities at the points q, r, j, Y, in diredions perpendi- 
cular to the great circles drawn through Z and the poles A, B, 
Cj and O, meafured at 90'' diftance from Z, are all conftant 
quantities in all poffible cafes, notwithflanding the irregularity 
of the body's motion 3 which is a property very remarkable. 



r I 1 1 Ir'—c'^ 



4. If — here be =: Oj =- — —j ^nd h'^c^^ or the two lefs 

momenta of inertia are equal, which is the cafe of a fquare 
prifm, cylinder^ ipheroid, or other folid of revolution ; then 

^'rr/ conftant, Bz^C, Tzz%^-y\ ^'=;2^= 5 conftant, ^"/3^ 



e ' e 






~~===:^:^ &c. as in the particular cafe 



€ € 



o 



coniidered in the 4th and 5th propofitions, the A there being 
^ B here. And hence the velocity above of O in its trackzr 

2™zz:i— as there found, Cof. OZ ;;:= a conftant quantity = 



r, andf.OZ 



- . A * WMW ijH II ■ K P ■ 



-'" ^X# ffi 



a — c 



_ „ — _ ^ — ;.T^^== 9 as there found, &c. And there- 

fore, when b is very fmall, this is much fmaller, Seing 
then nearly = ,-i- , which in the cafe of the ear.h is 

nearly =; — , and therefore infeniible. For on the hypo- 

thefis that b:=zg^\ this quantity, or half the diurnal nu- 
tation Will be lefs than the ^^xh part of a fecond, and 
the whole diurnal nutation lefs than the ^^^\ Indeed the -^'^th 

par 
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part of a fecond muft be very near the true quantity ; for^ 
though the earth's figure may not be precifely that of afpheroidj^ 

■"■ft. 

it cannot dilEFer from it {o much as to make any fenfible altera* 
tion In this^ efpecially now it appears from the foregoing ge- 
neral folution, that the angular velocity about the axis whofe, 
pole is Z is always uniform and conftant, let the figure of the 
revolving body be what it will. Neither can the progreffive or 
annual motion caufe any alteration, becauie it cannot ^at all 
afFeS: the rotatory or diurnal one. 

^. The remarkable property mentioned at the end of the ^ 
of thefe general fcholia, may be more particularly exprelled 

thus: as the f. Xq'=zmby : i :: y : — ^n— — -r- — — —the an- 

gular velocity at ^^ about the axis whofe pole is Z; in like 
manner, the angular velocity at r (fig. 4.) about the fame axis ==, 

::5^+^, that at.==^^^3p^,andthatatY=.cof.OZ = 

c a 



--J — '^. — ==r r:V = \// rT^-r-x^fr- * which, ' beinE the velo- 



city of the moving fpherical furface at every point of the 
great circle whofe node Is Y, and every point of that great 
circle being at the diftance of 90"^ from Z, the angular ve^^ 
loci ty of the body round the axis at rejl in abfolute /pace whofe 
pole is 7j will be always equable^ uniform^ and confiant^ mf-^, 
withfanding the other of dilating^ vacillating motions of the 
body t e being the greateil: angular velocity about the mo* 
mentary axis. 

This motion, then, Is of the moft fimple and evident kindy 
and, together with that of the track under Z above deter- 
mined, limits the whole compound motion under confidera« 
tion^ all the others being only neceffary confequences of thefe; 
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fo that after ail the pains befto wed upon the problem, the refult 
is as fimpie as could be whiied for; and the iBotioo, though 
not quite fo regular, is as eafy to be conceived as that in the 
particular cafe of the folids of revolution. For the fpherical 
furface^ concentric with the body, moves with an uniform and 
conftant angular velocity V about an axis IZ at reft in abfolute 
fpace, whilft the track V/VW^'V upon that furfece always 
paffes Z, the pole of that axis, with a velocity rr 



— ._=^^==:. - -L^, which, though not conftant, recovers Its 

firft value again and again in equal times, as the body revolves 
for ever. 

6. I fhall only juft add, that if P, Q, and R, be any three 
external motive forces fuppofed to zB. upon the body in the 
diredions of the three great circles BC, CA, and AB, then 

Ma"- i a^ -^ M^^ t h^ ; Mc'' 

f. - —j^ X ^xy exprefs the values of the external accelerating 

forces that ad upon the body to alter its velocity about the 
three permanent axes of rotation. And when the relations of 
thofe external forces to the internal perturbating ones are given, 
a folution will hence be obtained to the more general problem, fur 
determining the motion of the body, when, befides the pertur- 
bation arifing from the centrifugal force of its own particles, 
it is alfo aQ:ed upon by any external diftnrbing forces what- 
ever. Andj if P, Q, and R, be equal to, but in contrary di- 

regions toMy%x b" -c\ M.%x x c -^% and Mxy x a" -^ h^^ the 
perturbations vanifli, and then about whatever axis the body is 
firft impelled, it rauft continue to revolve uniformly round it 
for ever. 
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Note referred to m page 519. 

(C) Without any regard to the parallelopipeclon, let the form of the body be what 

it will, if the momenta of inertia round the three pernnianent axes be reprefented by 

M^^, M^^, and Mcc^ the relative motive forces round thofe axes will always be ex« 

prelTed by Mtf^;f% M^y, and Mc^%% ading at the diftance of radius therefrom. 

And then, in fig, 7., the centrifugal motive force a6ting along BI, beingzzM^y, 

Bl 
that ading along BN at N will, by the laws of central force, bez=Mi>y x — I 

and therefore the equivalent one, a6ting at S perpendicular to SI, will be zi 



X 



M^y X ^^^zrM^y X — zzMb'^yx urging the point S towards B. In like manner 



NI 

"m ' y 

it is found, that the centrifugal motive force Ma^x'^ ailing along CI produces 
one at S perpendicular to SlrzM^''.;^;; urging it tov/ards C ; and the difference of 
thefezzM^^^tj — M^^A^;; mufl be the perturbating motive force at S, along the 
great circle BSC, as found by the other methods. And in the very fame mannet 
way thofe in the other great circles bounding the o£tant be found. 




